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NUMERICAL STABILITY ANALYSIS OF LINEAR DSGE MODELS
BACKWARD ERRORS, FORWARD ERRORS AND CONDITION NUMBERS

ALEXANDER MEYER-GOHDE

ABSTRACT. This paper develops and implements a backward and forward error analysis
of and condition numbers for the numerical stability of the solutions of linear dynamic sto-
chastic general equilibrium (DSGE) models. Comparing seven different solution methods
from the literature, I demonstrate an economically significant loss of accuracy specifically
in standard, generalized Schur (or QZ) decomposition based solutions methods resulting
from large backward errors in solving the associated matrix quadratic problem. This is
illustrated in the monetary macro model of Smets and Wouters (2007) and two production-
based asset pricing models, a simple model of external habits with a readily available
symbolic solution and the model of Jermann (1998) that lacks such a symbolic solution
- QZ-based numerical solutions miss the equity premium by up to several annualized
percentage points for parameterizations that either match the chosen calibration targets
or are nearby to the parameterization in the literature. While the numerical solution
methods from the literature failed to give any indication of these potential errors, easily
implementable backward-error metrics and condition numbers are shown to successfully
warn of such potential inaccuracies. The analysis is then performed for a database of
roughly 100 DSGE models from the literature and a large set of draws from the model of
Smets and Wouters (2007). While economically relevant errors do not appear pervasive
from these latter applications, accuracies that differ by several orders of magnitude persist.
JEL classification codes: C61, C63, E17
Keywords: Numerical accuracy; DSGE; Solution methods; Condition number; Backward

error; Forward error
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1. INTRODUCTION

The machine could not adequately deal with ill conditioned equations,
letting out a very sharp whistle when equilibrium could not be reached.
—attributed to Mary Croarken commenting on the Mallock simultaneous

equation solver machine from 1931 (Higham and Hammarling, 2005)

Every user of numerical software has at least once (and likely much more frequently
than that) encountered a warning that a matrix is nearly singular, badly scaled, or that
a regression is nearly collinear - reminding us that these numerical problems are well-
known to econometricians.! These warnings serve to inform the user that the limitations
of finite-precision computing might have been reached and that the numerical results
produced might be erroneous - the modern equivalent to the “very sharp whistle” from the
epigraph. While users of numerical solution methods for linear macroeconomic models,
specifically dynamic stochastic general equilibrium (DSGE) models, would be warned
by the underlying software (say, Matlab) if a standard linear system of equations is
numerically unstable, the solution of these linear DSGE models involves nonstandard
equations, a matrix quadratic equation and linear equations that nest the solution of
this quadratic. I demonstrate numerical instability in linear DSGE numerical solution
methods from the literature, specially those that employ the generalized Schur or QZ
decomposition, of economic consequence and engage in a backward-forward error analysis
from the numerical mathematics literature to provide condition numbers and backward
error bounds on the solutions and moments from these methods. That is, we lack the
whistle for our methods and this paper seeks simultaneously to show that we need it and

to provide it.

IFarrar and Glauber (1967, p. 99) noted more than half a century ago that “[t]he computer program-
mer’s approach to singularity in regression analysis has begun to shape the econometrician’s view of
multicollinearity [.. and] the programmer, accordingly, is required to build checks for non-singularity into
standard regression routines.” See Pesaran (2015, Sec. 3.11) for highlights of the pernicious effects of
multicollinearity on test statistics and the discussion of numerical versus structural causes of multicolin-
earity, what Spanos and McGuirk (2002, p. 365) state “constitutes one of the primary empirical modeling
problems pertaining to the linear regression model.” By comparing different numerical solution methods
in the literature, this paper aims to analyze specifically numerical causes of ill-conditioning in linear
DSGE models, but without prejudice towards potential structural causes - recalling (Farrar and Glauber,
1967, p. 99) observation that technical observations have led to theoretical developments - pointing to the

Viner-Wong envelope theorem from now nearly 100 years ago.
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I demonstrate the relevance of this whistle by examining two sets of experiments. The
first set comprises two macro finance models, a simple habit formation model chosen as a
symbolic solution is readily available and the influential model of Jermann (1998), and
the policy relevant medium scale New Keynesian model of Smets and Wouters (2007). The
first two are small scale production based asset pricing models that can be used to address
perhaps the most prominent puzzle in the asset pricing literature, the equity premium
puzzle (Mehra and Prescott, 1985; Mehra, 2003), that seeks to understand how risky
assets can command such a high excess return in the face of moderate underlying volatility.
While many convincing consumption based explanations that modify assumptions on, say,
the stochastic properties of the pricing kernel have been offered, production based asset
pricing face the additional challenge of needing to provide a structural cause of these
stochastic properties. Providing a structural explanation invariably requires solving a
structural model, the most common being dynamic stochastic general equilibrium (DSGE)
models, which generally need to be solved numerically. Cochrane (2008, p. 300) expressed
concern regarding the accuracy of solution approximations in general equilibrium and this
paper points out a surprising degradation of the accuracy of solution approximations in
the simplest approximation, linear approximations, and their consequences for the equity
premium reported by these methods. Using both a highly stylized production-based asset
pricing model and the model of Jermann (1998), I demonstrate the novel phenomenon
that standard DSGE solution methods can produce numerical inaccuracies of economic
significance, delivering an equity premium in certain extreme calibrations off by several
annual percentage points. I also demonstrate that theoretically equivalent alternate ways
of stating the equilibrium conditions lead to different numerical consequences. Ultimately,
the inaccuracy in these models with log normal asst pricing stems from inaccuracies in
the underlying macro variables whose risks are being priced. I then turn to the Smets
and Wouters (2007) monetary macro model and demonstrate an analogous instability
contained within the authors’ prior. This leads to significant disagreement among the
different solution methods from the literature concerning the moments of the core New
Keynesian variables, inflation, output growth, and the nominal interest rate. In all three
models for the parameterizations that led to obvious numerical instabilities (differences
between solutions or moments from different methods in even all significant digits), non
of the methods from the literature examined here produce a warning that the solution

might be inaccurate or numerically instable. In all of these cases, however, the methods I
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offer here on the conditioning and backward-forward errors did provide warnings and,
even more so, provided warnings consistent with the degree of the error involved.

While examining the entirety of the literature involving linear(ized) DSGE models for
the numerical stability of their solutions is obviously infeasible, the second set of experi-
ments takes a step in this direction. First I utilize the Macroeconomic Model Data Base
(MMB) (see Wieland, Cwik, Muller, Schmidt, and Wolters, 2012; Wieland, Afanasyeva,
Kuete, and Yoo, 2016), a model comparison initiative at the Institute for Monetary and
Financial Stability (IMFS),” to examine the condition numbers and backward error bounds
of the solution methods from the literature for this set of around 100 models, ranging
from small-scale pedagogical models to large-scale models from policy institutions. Second
I analyze the condition numbers and backward error bounds of the solution methods
for a sample of 100,000 draws from the posterior of the medium scale model of Smets
and Wouters (2007). The analysis in both experiments confirms the results from the two
macro-finance models and the Smets and Wouters (2007) model above that particularly
those methods that use the generalized Schur or QZ decomposition are prone to inaccura-
cies, yet also that these inaccuracies are not economically significant in general. That is, I
confirm that numerical instability is not an omnipresent problem in DSGE models, but
like their linear system cousins, theoretical confined to singularities and practically to
ranges around these in the parameter spaces.

The analysis here assess the numerical stability of solutions to linear DSGE models.
Providing a solution to a DSGE model involves solving a functional equation to determine
an unknown function that maps the sequences of variables in the information set into
the endogenous variables of the model, resolving expectations of these same endogenous
variables (Judd, 1998; Fernandez-Villaverde, Rubio-Ramirez, and Schorfheide, 2016).
Linear DSGE models and associated linear solutions have long been studied, e.g., Blan-
chard (1979) and Blanchard and Kahn (1980), and modern numerical packages such
as Dynare (Adjemian, Bastani, Juillard, Mihoubi, Perendia, Ratto, and Villemot, 2011),
Gensys (Sims, 2001), (Perturbation) AIM (Anderson and Moore, 1985; Anderson, Levin,
and Swanson, 2006), Uhlig’s Toolkit (Uhlig, 1999) and Solab (Klein, 2000) not only provide
tools for solving a wide range of linear models, but also provide a first step in the solution
procedure for many nonlinear methods as well. The substantial hurdle in these linear

methods is finding a solution to a (matrix) quadratic equation, frequently required to be

2See http: //www.macromodelbase. com.
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the unique stable solution. For multivariate models with potentially singular coefficient
matrices, the standard method is to double the dimension of the problem and employ the
generalized Schur or QZ decomposition of Moler and Stewart (1973). While this algorithm
is backward stable for the generalized eigenvalue decompositions for which it was de-
signed, it is not always backward stable for quadratic eigenvalue problems (Tisseur, 2000)
and may yield ill-conditioned eigenvalues for quadratic matrix polynomials (Higham,
Mackey, and Tisseur, 2006; Higham, Mackey, Tisseur, and Garvey, 2008). I present the
backward-forward error analysis of Higham and Kim (2001) for matrix quadratic equa-
tions and extend it to apply to the shock impact matrix and variance-covariance matrix
of endogenous variables to provide an assessment of the accuracy of various solution
methods in the literature valid when a symbolic solution is not available for comparison.
Backward error diagnostics that can be calculated at minimal additional cost and in the
absence of a symbolic or analytic solution successfully warn of potential inaccuracies.
This is of immediate, practical use, as none of the algorithms from the literature I explore
produced any warning that their solutions might suffer from economically significant
losses of accuracy.

Apart from Anderson (2008), very little attention has been paid to comparing the
accuracy of different algorithms for linear models® and to numerically addressing the
assumptions necessary for the existence of a unique stable solution.* Improvements in
the accuracy of the solution to linear DSGE models has implications for many nonlinear
solutions as well. Anderson, Levin, and Swanson (2006) demonstrate that even small
inaccuracies in lower orders compound to larger errors in the computation of higher,
nonlinear solutions such as in Jin and Judd (2002). In terms of a backward-forward error
analysis, Judd, Maliar, and Maliar (2017) comes the closest, yet their focus is the forward
error of (non)linear solutions with regards to the underlying nonlinear model, taking
again the accuracy of the linear solution for granted.

The remainder of the paper is structured as follows. Section 2 introduces the class of
linear DSGE models and the solutions from the literature I will analyze. In section 3, I

turn to the backward error and condition number analysis of these solutions, providing

3This is in stark contrast to the many studies that examine the accuracy of different nonlinear methods.

See Fernandez-Villaverde, Rubio-Ramirez, and Schorfheide (2016) for an overview.
4Heilberger, Klarl, and Maufiner (2015) provides an exception, showing that, theoretically, if the rank

assumption for the QZ decomposition is fulfilled for one ordering of the eigenvalues that conforms to the

unit circle separation, it holds for any ordering that conforms to the same.
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practical forward error bounds and comparing numerical considerations behind the
calculation of and expected properties of these measures. Section 4 applies the analysis
to two small macro-finance models and the Smets and Wouters (2007) model in detail, a
large set of DSGE models in overview, and finally a set of draws from the posterior of the

model of Smets and Wouters (2007). In section 5, I conclude.

2. SOLVING LINEAR DSGE MODELS

Standard numerical solution packages available to economists and policy makers—e.g.,
Dynare (Adjemian, Bastani, Juillard, Mihoubi, Perendia, Ratto, and Villemot, 2011),
Gensys (Sims, 2001), (Perturbation) AIM (Anderson and Moore, 1985; Anderson, Levin,
and Swanson, 2006), Uhlig’s Toolkit (Uhlig, 1999) and Solab (Klein, 2000)—all analyze
models that in some way or another can be expressed in the form of the nonlinear

functional equation

0=Eif(y+1, 56 ¥t-1,€0)] (1)

The model equations (optimality conditions, resource constraints, market clearing
conditions, etc.) are represented by the n,-dimensional vector-valued function f :
R"™ x R" x R"y x R"e — R"; y; € R" is the vector of n, endogenous variables; and ¢; € R"
the vector of n. exogenous shocks with a known distribution, where n, and n. are positive
integers (ny,n. €N).

The solution to (1) is sought as the unknown function
ye=y(Ye-1,6), YRV S RY (2)

a function in the time domain that maps states, y;_1 and ¢;, into endogenous variables,
y:. An analytic form for (2) is rarely available and researchers and practitioners are
compelled to find approximative solutions. However, a steady state, y € Ry a vector
such ¥ = y(y,0) and 0 = f(y,y,y,0) can frequently be recovered, either analytically or
numerically, providing a point of expansion around which local solutions may be recovered.

A first-order, or linear, approximation of (1) at the steady state delivers
0=AE;[yt+11+By: +Cy:-1+ De; (3)

where A, B, C, and D are the derivatives of f in (1) with respect to its arguments and,
recycling notation, the y’s in (3) refer to (log) deviations of the endogenous variables from

their steady states, y.
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In analogy to (2), the standard approach to finding a solution to the linearized model

(3) is to find a linear solution in the form

yi=Pyi1+Q ¢ (4)

a recursive solution in the time domain—solutions that posit y; as a function of its own

past, y;—1, and exogenous innovations, &;.

2.1. Matrix Quadratic and Linear Impact Matrix Equations. Inserting (4) into (3)

and taking expectations (E;[e;+1] = 0), yields the restrictions

0=AP?+BP+C (5)
0=(AP+B)Q+D (6)

or expressed jointly
aele o] +lr a|+[c o|=[o o

Generally, a unique P with eigenvalues inside the closed unit circle is sought (I will
address this formally below). Lan and Meyer-Gohde (2014) prove the latter can be
uniquely solved for @ if such a P can be found. While the theoretical hurdle is the former,
matrix quadratic equation, the solution of the latter demonstrates clearly that numerical
inaccuracies in P can percolate to further components of the solution (in this case @).

To assist in the analysis, I will formalize the matrix quadratic equation in (5). For A, B,

and C € R™*"* a matrix quadratic M(P):C"*"r — C"v*"r is defined as
M(P)=AP?+BP+C (8)

with its solutions, called solvents,” given by P € C**™ if and only if M(P) = 0. The
eigenvalues of the solvent, called latent roots of the associated lambda matrix® M(1):C —

C"**" (here of degree two), are given via
M(A\)=AA2+BA+C 9)
The latent roots are (i) values of 1 € C such that det M(1) =0 and (ii) n,, —rank(A) infinite

roots. An explicit link between the quadratic matrix problem and the quadratic eigenvalue

5The analysis proceeds in the complex plane, but the results carry over when solutions are restricted to
be real valued due to the eigenvalue separation about the unit circle assumed below, see also Klein (2000).

6See, e.g., Dennis, Jr., Traub, and Weber (1976, p. 835) or Gantmacher (1959, vol. I, p. 228).
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problem is given via
AeC:(AA%+BA+C)x =0 for some x # 0 (10)

which has been reviewed extensively by Tisseur and Meerbergen (2001) and for which
Hammarling, Munro, and Tisseur (2013) provide a comprehensive method to improve
the accuracy of its solutions. If a unique stable solution is sought or required, this can be
formulated via an adaptation of Blanchard and Kahn’s (1980) rank and order conditions
to the matrix quadratic formulation above. First assume there exist 2n, latent roots of
(9) of which n, lie inside (or on) and n, outside the unit circle. Second, there exists an
P e R"*™ such that M(P)=0 and |eig(P)| < 1.

Given P, @ follows from (6), solving the linear equation C*»*™y — C"»*"y
0=(AP+B)Q+D (11)

Hence the solution of (log)linear(ized) DSGE models involves solving a matrix quadratic

equation in P and, given this P, a linear system in Q.

2.2. Linear DSGE Solution Methods. Most linear DSGE methods (including Dynare
(Adjemian, Bastani, Juillard, Mihoubi, Perendia, Ratto, and Villemot, 2011), Gensys
(Sims, 2001), Uhlig’s Toolkit (Uhlig, 1999) and Solab (Klein, 2000)) use a generalized
Schur or QZ decomposition (Moler and Stewart, 1973; Golub and van Loan, 2013) of the
companion linearization of (3)” in some form or another. For the formulation above, the

matrix quadratic (5) can be brought into the QZ form as

Onyxny Iny

-C -B

Iny Onyxny

Onyxn, A

ny

p

Ty

p

F P=G , F= ,G= (12)

where I nylsannyxn, identity matrix and On,xn, is an ny x n, zero matrix.

Applying the QZ or generalized Schur decomposition (unitary @ and Z and upper
triangular S and T with Q*FZ =S and @ *GZ = T), Higham and Kim (Theorem 3 2000)
prove that all solvents or solutions of (12) are of the form P = Z21Z1_11 =Q11S I11 T11QI11.

The decomposition is intricately related to the quadratic eigenvalue problem (10) via
AeC:(FA-G)y, where y = [x’ x’/l] for some x #0 (13)

AeC:Q(SA-T)y, where y=Z* [x' x’)t] for some x #0 (14)

"Instead of the method of undetermined coefficients taken for expediency here, a multivariate pivoted

Blanchard (1979) approach that delivers the solution constructively is presented in the appendix.
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where the eigenvalues in both lines are identical following from unitary equivalence
(Moler and Stewart, 1973) and hence identical to the eigenvalues in (10) and the latent
roots of (9). From the upper triangularity of S and T it follows that the spectrum or set of
eigenvalues of the pencil Prg(1) = FA -G is determined by the diagonal entries of S and
T

p(Prag) = {tiilsii, if ;i #0; 00, if 5;; =0; @, if s;; =t;; =0; i =1,...,2n,} (15)

where s;; and ¢;; denote the i’th row and i’th column of S and T respectively.

Ordering the decomposition so that the eigenvalues outside the unit circle are in
the lower right blocks of S and T (hence S99 and T2), the necessary and sufficient
assumptions for a unique stable solution for y; of (3) to exist are (1) Regularity: Prg(z)
is called regular if there exists a z € C such that det(Fz —G) # 0; (2) Order: Of the 2n,
generalized eigenvalues, there are exactly n, stable roots inside (or on) the unit circle, and
consequently, exactly n, unstable roots outside the unit circle; (3) Rank: Z11, the upper
right block of Z, is nonsingular. If and only if these three assumptions are fulfilled does
a unique solution P stable with respect to the closed unit circle exist. Consequentially,
the overwhelming majority of the linear solution methods provided to researchers and
practitioners in the standard numerical solution packages enumerated at the beginning of
the section can be summarized by this single matrix decomposition. The specific numerical
imp(Adjemian, Bastani, Juillard, Mihoubi, Perendia, Ratto, and Villemot, 2011; Villemot,
2011), Gensys (Sims, 2001), Uhlig’s Toolkit (Uhlig, 1999) and Solab (Klein, 2000).

Binder and Pesaran (1997), the cyclic reduction method in Dynare (Adjemian, Bastani,
Juillard, Mihoubi, Perendia, Ratto, and Villemot, 2011), and Anderson (2010) are three
prominent methods that solve for P without appealing to the generalized Schur decom-
position. Binder and Pesaran’s (1997) “fully recursive method” works directly with the

matrix quadratic (5) and iterates on
P,=1, -AP;!,C, whereA=B™'A,C=B7'C,Py=1,, (16)

Delivering the solution to the matrix quadratic (5) as P = —P](,IC' for some maximum
iteration N.® The cyclic reduction method implemented in Dynare (Adjemian, Bastani,

Juillard, Mihoubi, Perendia, Ratto, and Villemot, 2011) operates on the following recursion

8In a related study, Binder and Meyer-Gohde (2023) examine recursive formulations that allow N to be

determined endogenously according to a convergence criterion.
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(see Bini, Latouche, and Meini, 2002)

P=-A71A, 17
where
A=A, _A2,i—1AI}_1A0,i—1 (18)
A=A _AO,i—lAI’%_lAZi—l - Az,i—1AI§_1Ao,i—1 (19)
Ao = _AO,i—lAI’%_lAO,i—l (20)
Ay = _A2,i—1AI’%_1A2,i—1 (21)

with initial conditions Ag = B, Az0=A,A19=B, and Agp = C until convergence of A;°
Anderson (2010) applies the bi-orthogonality from the separation of stable and unstable

solutions to solve for the left invariant space associated with unstable solutions via'”

Onany Iny

y O x I Yi-1
t _ NyXny ny t - [Vl Vz]

-1 -1 1 -1 :J%[Vl VZ]
Elyi+1] -ATC -A"'B| | » -A—°C -A"'B

(22)

where the vectors of V span the invariant space associated with unstable eigenvalues.
This gives y; = —V2'1V1 y¢—1 as the solution to the homogenous problem, i.e., the matrix
quadratic (5), P = —V2_1V1. Essentially, by rearranging or shuffling the equations and
variables, Anderson (2010) is able to reformulate a potentially singular system requiring
the generalized Schur decomposition into a nonsingular system that can be solved using
standard eigenvalue methods. The key commonality of these three methods is that they

avoid the QZ or generalized Schur decompositon.

3. BACKWARD-FORWARD ERROR ANALYSIS OF LINEAR DSGE MODEL SOLUTIONS

I turn now to the backward-forward analysis to provide measures for the accu-
racy/numerical stability of solutions to linear DSGE models. I begin by introducing
the concepts of backward error and condition numbers for linear systems and how they
relate to forward errors, then I turn to backward error bounds and condition numbers
for the solutions of linear DSGE models. Finally, I provide ex posterior measures of the

9Huber, Meyer-Gohde, and Saecker (2023) examine alternative formulations and relate the cyclic

reduction method to structure preserving doubling methods.

10This assumes that A is invertible, the general case can be found in Anderson (2010) and is merely

slightly more involved, utilizing the shuffle-algorithm of Luenberger (1978) to yield an invertible A.
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forward error, providing easily implementable bounds on the numerical errors of solutions
provided by users’ preferred method.

To fix ideas, I begin with a linear system. This provides a link to the concept of
a condition number that is familiar (or at least the warning thereof provided by the
numerical software being used) to practitioners and the nonlinear matrix measures
necessary for the analysis of solutions to linear DSGE models. To this end, given a linear

system
Ax=b, AeZ"", xand be Z" (23)

I would like to know, how “good” a solution & provided numerically is. Ideally, I would like
measure how far the approximate solution % is from the true solution x, the forward error,

defined as
loe = %N/ Nl (24)

for some norm. Apparently, being able to assess how good our numerical solution is
requires me to know the true solution is in the first place. Fortunately, the forward error
can be bounded and is approximately equal to the product of two quantities I can readily
calculate numerically, what Higham (2002, p. 9) calls a “useful rule of thumb” and holds
exactly for linear equation systems as derived by Turing (1948, p. 298)

forward error < condition number x backward error (25)

illustrating that the error in the approximate solution (forward error) can be determined
through both the condition number and the backward error.

The backward error of an approximate solution % gives a measure of how much the
problem (here, A and ) at a minimum needs to be changed in order for the approximate
solution to be the exact solution. That is, how close to the original problem is the problem

actually solved by %. In terms of normwise deviations,'! this is
n®)=min{e:(A+AA)Z=b+AB,|IAAllF < ac, | AbllF < Be} (26)
Choosing a = |Allr and B = ||bl|r gives n(X) as the normwise relative backward error.

Defining the residual r = b — AX, the constraint in the foregoing can be used to bound the

HThe results for the linear system here hold for consistent norms, I choose this presentation to be
consistent with the analysis of the quadratic problem. This combines Higham and Kim (2000), Higham
(1993), Kagstrom (1994) and Higham (2002, Ch.7&16).
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backward error from below as
IrllF =1AAx — ABllp < IAAllfp IXllF + IABllF < [a %l + ,5)77(56) (27)

where the last equality uses the optimal perturbations from (26). Expressing this in terms

of the relative residual, rr (%) = ||r||F/(a Xz + ,3) gives
rr(®) <n(%) (28)

or that the backward error is bounded below by the relative residual. This highlights the
importance of the backward error, as it states that a small backward error necessarily
implies a small relative residual. That is, if the nearest problem exactly solved by % is
close to the original problem (small backward error), then the residual induced by solving
the original problem with £ will be small.

Of at least equal importance is the reverse implication: whether a small residual
necessarily implies a small backward error - particularly in the context of residual based
accuracy checks from the literature (see section 3.6). To establish this, rewrite the

constraint from (26) using the Kronecker product rule vec(ABC) = (C '® A) vec(B) as

r=AA%—AB (29)
= (&' ®I,)vec(AA)—I,Ab (30)
a~lvec(AA)
=|a(@®L,) —pl.| (31)
BLAb
=Hz (32)

" indicates transposition and vec columnwise vectorization. This is an underdetermined

system in z as H is a matrix of size n x n(n + 1). The minimum 2-norm solution'? is

z=H"r (33)

where H* = H* (HH*)™!, * indicates conjugate transposition and H is assumed to be of

full row rank. Using the properties of the 2 and Frobeneus norms'®

212 = |[a'aa piab]| = (a2 10ANE+p210013)" (34)

1256 the appendix.
133ee the appendix.
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and using the definition of (&) from (26, which is the minimum value of the larger of

a|lAA|r and B|Ab|F,' gives

1 .
Ellzllzsn(x)s Izll2 (35)
focusing on the upper bound
n@ < lzle=|H |y < [|H"| 72 = Irlp/omin (H) (36)

where 0,,i, is the smallest singular value of its argument or the smallest eigenvalue,

Amin, of its argument and conjugation,

Omin (H) = Amin (HH")" (37)
= Amin (HH*)" (38)
mm([a '81,) —pL,||a(Eel,) —/ﬂn])m (39)
Amin (3L, + I,L)l/2 (40)
= Amin (2% %+ %) 1) (41)

= (a2 1212+ %) (42)

Combining (28), (36), and (42) gives

rr(x)<n(x)< @ I2lF + 'B) 7 rr(®) < V2rr(?) (43)

(a2 l1£1% + p2

and hence the backward error can be bounded up to v'2 to the relative residual.'® This
tells us that a small backward error implies a small relative residual and vice-versa. If
the condition number of the problem is also small, then a small backward error implies a
small forward error and we can conclude that small relative residuals, small backward
errors, and small forward errors are synonymous.

Hence, the condition number of the problem needs to be established. To do this, consider

the following perturbation of (23)

(A+AA)(x+Ax)=b+Ab (44)

14566 Higham (2002, p. 310).
15Actually for this problem, the lower bound can be achieved, see Higham (2002, p. 120) and Rigal and

Gaches (1967). For the purposes here and in line with exposition for the DSGE model that follows, providing

bounds suffices to make the argument.
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where perturbations will be measured normwise (congruently to the backward errors

above so that choosing a = |A|lr and B = ||b||r gives normwise relative perturbations) by
e=max{a " |AAlF, B 1AbIIF} (45)
Expanding (44) gives
Ax+AAx+AAx+AAAx=b+Ab (46)
Noting that AAAx is of the order G(¢?) and AX = b gives
AAx=—AAx+Ab+0G(e?) (47)

using the Kronecker product rule vec(ABC) = (C’ ® A) vec(B) this can be written as

) 9 a vec(AA) 9
ADx=—(x'®1,)vec(AA) +1,Ab+6(c?) =|-a(x'el,) Bl i +0(e?)
B1Ab
(48)
and so
[ -1
(AA
Ax:A_l[—a[x’QOIn) ,BIn] @ veelAd) +0(?) (49)
B1Ab
-1
(AA)
Iaxlp = |4 [-a(x'e1,) pL]| [“ o +0() (50)
2 pAb

as = H [a‘lAA ﬁ—lAb] “F < V/2¢, the foregoing can be written as

[alvec(AA)

-1
B Ab .
A
12217 _ /e (51)
llxll 7

where
v=|a [~a(weL,) pL|, /Il (52)
is the condition number giving the bound above on the forward error, HIIAxJICIlF , sharp to first

order in €. Note that the above conforms to Higham’s (2002, p. 9) “useful rule of thumb”

|Ax| 7
< x € (53)
||x || F condition number backward error
forward error

where the meaning of < becomes clear: sharp to first order in ¢ and up to a factor v/2.
This bound can be weakened to

IAxlF

<V2¥e < V20¢ (54)
x|l 7
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where
vz A | [-aloL,) pL.]|, /15l (55)
= A g0 mar(|-a (' © 1) pI.|)/1xlr (56)
= A7, (@@ xl% + B2) 2 i (57)
< A7, (allxllz+B)/lxlF =@ (58)

Finally, this can be further weakened, as ||x|lz = |1blz/|Allf, to yield

=AY, (alxlp+B)/ lxlF (59)
<A, IAlF (alxlp/IBlF+B/161F) (60)
<A, 1AlF (a/IAllF + B/1611F) (61)
<A I AlF (al IAlF + B/ 1BF) (62)

|A~Y||z IAllF is the condition number of A, x(A), and choosing a = [A|r and S = [blF
gives normwise relative perturbations in A and b.

I now turn to the matrix quadratic and matrix impact equations, (5) and (6), that
the solution methods for linear DSGE models from the previous section solve. Higham
and Kim (2001) provide bounds on the backward error and a condition number for the
solvent, P, of a quadratic matrix equation - I extend their analysis to normwise relative
perturbations and a posteriori forward error bounds consistent with Higham (1993) and
Kagstrom (1994). The latter is particularly useful for practitioners as it provides easy
to calculate metrics od the conditioning and forward errors of the solution provided by
the existing DSGE literature - the “very sharp whistle” from the epigraph for solutions
of DSGE models. While the matrix impact equation is a system of linear equations
and simply a matrix-matrix extension of the introduction to the methods above,'® the
coefficients in this equation depend on the solution to the matrix quadratic and the explicit
consideration of this demonstrates that inaccuracies in the matrix quadratic contaminate
the accuracy of solutions for impact coefficients as observed by Anderson, Levin, and
Swanson (2006).

I will proceed as follows. I will address the backward errors, the condition numbers
and finally a posteriori or practical forward error bounds, beginning first with the matrix

quadratic 0 = AP2+BP+C and then the impact matrix @ that solves (AP + B)Q+D, firstly

163ee, e.g., Higham and Higham (1998).
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conditioning on an infinite precision solution for P and then successively considering the
effects of numerical inaccuracies in P on @. These results on solutions for @, the impact

matrix of shocks, from (6),

0=(AP+B)Q+D (63)

proceeds first by formulating this equation to conform to standard linear numerical

analyses

FQ=-D (64)

where F = AP + B - perturbations in F' will not be equivalent to the perturbations in A
and B above and arbitrary perturbations in P ignore the analysis above. To demonstrate
this, I will consider three approaches to the conditioning of the linear system in @: (1)

The perturbed equation FQ = —D

F+AF)(Q+AQ)=-D-AD (65)

the perturbed version of (63) with arbitrary perturbations in P

0=[(A+AA)P +AP)+B+ABl(Q +AQ)+D +AD (66)

and finally, the perturbed version of (63) with perturbations in P as result from solving

(5) under finite precision

0={[A+AA][P(A+AA,B+AB,C+AC)|+B+AB}(Q +AQ)+D +AD (67)

Finally, I will consider solving for P and @ jointly instead of successively, particularly as
calculating the backward errors for @ from (67) is a nonlinear problem that either must

be linearized or solved via optimization, whereas the joint problem

(A+AA)P+AP)[P+AP Q+AQ)] (68)
+(B+AB)|P+AP Q+AQ| (69)
+[c+ac p+aD|=|o o (70)

yields problems for backward errors, conditioning numbers, and a posteriori forward
errors that take the interdependence into account and use the methods from the matric

quadratic problem in a straightforward manner.
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3.1. Backward Error Analysis of Linear DSGE Model Solutions. I begin with
bounds on the backward errors of the matrix quadratic 0 = AP?+BP +C from (5). Defining
the backward error of an approximate solvent P in terms of the relative normwise

deviations in the matrix of coefficients,

np(P) = min{e {(A+AAP2+(B+AB)P+C+AC =0,

IAAlF <ea, IABIF <ep, IACIF <ey}

this error can be bounded from above and below as follows
Theorem 1 (Bounds on the Backward Error of P)
The backward error is bounded by

RR(P)<np(P) < < up(P)RR(P)

2

+
aP¥ 01, pP'el,, YIn,| vee®)

where RR(P) is the relative residual

IR

RR(P)= = _
a|[P2|z+B|P|F+y

and ,Ltp(p) is a factor given by

a|[P2] o +BIPlp+y

1< up(P)= . .
(a202 . (B%)+fo2. (P)+7y?

1/2
)

where 0 py;n is the smallest non-zero singular value.
Proof. See the appendix here. Il

Higham and Kim (2001) point out that their backward error analysis demonstrates that
a small relative residual (the absolute residual being AP? + BP + C for an approximate
P returned by a numerical algorithm) does not necessarily imply a small backward
error for the matrix quadratic problem. The former follows from the relative residual
being bounded above by the backward error and the latter, the converse, is hampered
by the presence of up(P), a “growth” (Kagstrom, 1994) or “amplification” (Higham, 1993)
factor that measures by how much the backward error can exceed the relative residual.
Examining pp(P) and following Higham (1993) and Ghavimi and Laub (1995), it follows
that this factor can be arbitrarily larger than one, particularly when |P|; >> 0/in(P)

- i.e., when 00 (P) >> 0pmin(P) = ”P” |P+|| >> 1 and, hence, P is an ill-conditioned

solution to the matrix quadratic. The intermediate upper bound takes the structure of

the system into account and, e.g., see Ghavimi and Laub (1995), can be substantially
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lower than the larger upper bound if large elements in the residual counteract (near) zero
entries in |aP¥®1I, pP'oI,, YIng :

Turning to the shock impact matrix @ and beginning with the formulation in (64), the
equation F'Q = —D with F' = AP + B where the backward error is defined in terms of the

relative normwise deviations in the matrix of coefficients of the linear equation it solves
N, (@) = min{e {(F+AF)Q =-D-AD, |AF|lp<ep, [|AD|f< e5}

This error can be bounded from above and below as follows
Theorem 2 (Bounds on the Backward Error of @ via (64))
The backward error is bounded by

' vec(R)|| <pug,(@RRg,(@)

2

RRQI(Q) = 77Q1(Q) =

0" 0 1., 614,

where RRg,(Q) is the relative residual

A OIRIF
RRp,(Q)= —————
Ql ¢ Q |F +5

and pg, is given by

PR +6
(p202 . (@) +52

1=pq, =

1/2
)

where 0 p,;n is the smallest singular value.
Proof. See the appendix here. Ll

Again we have a “growth” (Kagstrom, 1994) or “amplification” (Higham, 1993) factor
that measures by how much the backward error can exceed the relative residual. In
contrast to the vector case Ax = b used to introduce the concepts above, we see that the
backward error can be larger than the relative error when ||Q || 7>> amin(Q). Recalling
that ||Q|| r=(Xioi (Q)Z)m, this corresponds to (Higham and Higham, 1992b) general-
ization that the sensitive of linear systems with multiple right-hand sides corresponds
approximately to the worst-case sensitivity of the individual systems.

Taking the specific coefficient errors into account, I now present results on the condi-
tioning and backward errors of solutions for @, the impact matrix of shocks, from (63)

where the backward error is defined in terms of the relative normwise deviations in the
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matrix of coefficients A, B, P, and D,

A

Ngy(P,Q) =min{e: (4 +AA)P+B+AB)Q =-D - AD,
IAAllF <ea, [IABlr<eB, [ADIp S€5}

this error can be bounded from above and below as follows
Theorem 3 (Bounds on the Backward Error of @ via (63))
The backward error is bounded by

RRq,(P,Q)<ng,(P,Q) <

(a(BQ) o1, $Q'®I,, Ol

+
vec(R) ‘

2

where RRQZ(P,Q) is the relative residual

IRlF

RRo.(P,Q)= ——— _
@B D= B3, + plal, +o

(04

and up(P) is given by

a

PR +AIQr+0
(a202 . (PQ)+p202 . (Q)+52

min m

1<ug,P,Q)=

) 172

where 0 ,;n is the smallest singular value.
Proof. See the appendix here. Il

Now, the “growth” (Kagstrom, 1994) or “amplification” (Higham, 1993) factor that
measures by how much the backward error can exceed the relative residual can be
arbitrarily large depending not only on the relation of ||Q || 7 to O min(@), but also ”PQ H 7
to Umin(ISQ) - that is, there is a potential for the transmission of errors in the solution of
P to the solution of Q.

Taking errors in the solution of P from (5) specifically into account, that is, that P is a

function of A, B, and C, would result in a nonlinear optimization problem
Ns(@) =min{e: (4 +AA)P +B +AB)Q =-D - AD,
P:(A+AA)P*+(B+AB)P+C+AC=0
IAAllF <ea, IABlrp<ep, IACIF<ey, [ADIF< 65}

While the problem might be solved numerically Higham and Higham (1992a), linearity
can be restored by considering P and @ jointly as in the following, which is more than

sufficient as it then captures exactly this dependance of @ on P into account.
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For approximate solutions to P and @ the backward error can be defined via
nre(P,Q) :min{e S(A+AA)P [13 Q] +(B+AB) [p Q] + [C+AC D +AD] -0,
IAAlp sea, [ABlp=ep, IACIr=<ecy, |ADI|F= 65}

this error can be bounded from above and below as follows
Theorem 4 (Bounds on the Joint Backward Error of P and )
The backward error is bounded by

RRPQ(IS,Q) = UPQ(p,Q)

+

A (P2)’ ! In, 0 vec(Rp)
T]PQ(P,Q)S a Ay I, ﬁ R I, Y ®Iny O | Py XM I,
(PQ) ¢’ 0. I, vec(Rg)
< up(P,@)RRpo(P,Q)
where RR pQ(p ,Q) is the relative residual
RRpo(P,Q) = [z ]|,
A2 5 5 5 A /
(P2 +[PRIF) +B(IP]F+Q F)+(7’2+52)12
and upQ(IS,Q) is given by
A A A A A 1/2
1poP.Q) = a(|P?|p+ PRI R)+B(IP]lr+ Q)+ (v* +67)
G (@202 (8402 (BQ)+ [0, Br+a?. Q)] +y2+52)"
min min min min
where O py;n is the smallest singular value.
Proof. See the appendix here. U

Again we have a “growth” (Kagstrom, 1994) or “amplification” (Higham, 1993) factor
that measures by how much the backward error can exceed the relative residual. Ex-
amining upQ(P .Q) and following the analysis above, it follows that this factor can be
Qllp to omin(@), or PR 5

to Gmin(PQ) - that is, this measures encapsulates all the measures from above. Having a

arbitrarily larger than one, particularly if ||15 || 7 >> Omin(P) ,

single metric is, of course, a double edged sword, as it by itself us unable to pinpoint the
source P, @, or PQ. The different backward errors bounds are juxtaposed in table 1 and
the both the analogue between the different measures as well as the joint measure being
encompassing are readily apparent.

This joint backward error can be bounded by the individual relative residuals as follows
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Corollary 1 (Individual and Joint Backward Error of P and @)
The joint backward error n pQ(p,Q) can be bounded by the individual relative residuals of
P and @ by

max {RRp(P),RRq,(@Q)} < npo(P,Q) < V2max {up(P)RRp(P), 1g,(P,@)RR g,(Q)}
Proof. See the appendix here. U

Hence the joint backward error is at least as large as the larger individual relative
residual and can only be bounded above (up to a factor of v/2) by the larger of the two
individual upper bounds.

Having bounded the backward errors of the calculations of the solutions for linear

DSGE models, I now turn to their condition numbers.

3.2. Condition Numbers for Linear DSGE Model Solutions. I now turn to the
condition numbers for the solution of linear DSGE models. The condition number, as
in the case of the linear model Ax = b, measures the sensitivity of the solution, x, with
respect to the data, A and b. For linear DSGE models, we have not only the matrix form
of the solution (or multiple right-hand sides) as a consideration, but also the nonlinearity
in both the matrix quadratic for the transition matrix P as well as in the impact matrix
@ through its dependence on P. Just as the condition number of A plays a pivotal role
for the conditioning of the linear problem Ax = b, so too will the homogenous matrix
coefficients in the two sets of equations that need to be solved for P and . To take the
structures of the resulting equations into account, I begin by laying out the separation
between two matrix pencils, before using this to derive the conditions numbers for P and
Q.

For normwise perturbations in the parameter matrices

{ IAAllF IABIlF ||AC||F}
=max 5 5
a B Y

normwise relative perturbations in P, Hlﬁ’Pllng , from the perturbed matrix quadratic equa-

tion
(A+AA)(P +AP)2 +(B+AB)(P+AP)+C+AC=0

can be bounded to first order in € as follows
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Theorem 5 (Condition Number of P)

The relative perturbation in P is bounded to first order in € by

AP
1APIR <V3¥p(P)e +6(c?)
IPlg

where VY p(P), the condition number of P, is given by

Wp(P) = ”V‘l[a(P2)’®1ny PP'®L,, vl ,

/1Pl

where
V=1I,®AP+B)+P'®A

Proof. See the appendix here and Higham and Kim (2001), noting the different measure-

ment of perturbations. Il

This sharp bound can be weakened to
Corollary 2 (Bound of Condition Number of P)
The condition number of P, ¥p(P), can be bounded by

a|[PZ]p+BIPIr +y
IPIlx

YpP)< [V, = ®p(P)

with

[V, =0} (V)=Sep *[(A,AP +B),(,P)]

min

where 0 iy, is the smallest singular value and Sep is the difference measure or separation

between the pencils (A,— (AP + B)) and (I,P).
Proof. See the appendix here. ]

The weaker bound ®p(P), which corresponds to a standard condition number bound as
I demonstrated in the linear model example above, depends on || v-1 || o> which corresponds
here to the inverse of the smallest singular value of V. The sharper bound W¥p(P) takes
the interaction of coefficient, solution, and perturbed matrices via the special Kronecker
structure into account, that ®p(P) does not. The weaker bound ®p(P) separates V!
is insightful as to the source of ill conditioning in P, whether the system in V is well
conditioned, and will be more easily computed, which is particularly useful for large
models.

The smallest singular value behind the condition number is directly given by a concept

that relates the underlying coefficient matrices in V, the pencil separation. Following
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Stewart (1973), Stewart and Sun (1990, Theorems 2.3 and 2.5, pp. 233-234), and Demmel
and Kagstrom (1987), the separation between two pencils (A,B) and (C,D) is given by

Sep[(4,B),(C,D)]= ||)I(lfﬁinlllAXD -BXClFr (71)
o

which is applied to computing stable eigendecomposiitons in the references above. For
Sylvester equations, AXD — BXC = E, the eigenvalues of these two pencils must form
disjoint spectra, see Chu (1987) and Lan and Meyer-Gohde (2014) for its application
to perturbation in DSGE models, and Higham (1993) and Kagstrom (1994) for its role
in the sensitivity of the solution of Sylvester equations. The separation can be related
to the minimal singular value of V via the relationship between the Frobenius and
Euclidean norms || X ||z = [|[vec(X)l|l2 and the relationship between the Kronecker product
and columnwise vectorization vec(ABC) = (C' ® A) vec(B)

. _ — . ! _ ! = . l _ l
H%EIMAXD BXCllp ||Vecr(mxl)r”1221||[(D ®A)—(C'®B)|vecX)||, =0 min[(D'®A)—(C'®B)]

(72)
which follows from the Kronecker refomulation of the Sylvester equation, AXD-BXC =E,
to a standard linear system Zx = v via [(D'® A) — (C' ® B)| vec(X) = vec(E).

For the specific DSGE problem in P this is

Omin(V)=Sepl(A,- (AP +B)),(I,P)] (73)
and hence this is the separation between two pencils (A,— (AP + B)) and (I, P) is given by
Sepl[(A,- (AP +B)),(I,P)]= ||§(Iﬁlip21 IAXP+(AP+B)X|r (74)

As proven by Lan and Meyer-Gohde (2014), (9) can be factored with a solvent P as
M(}L)EAA2+B/1+C:(A/l+AP+B)(Iny/1—P) (75)

I.e. factoring the entire set of eigenvalues of the quadratic problem into those of the
solvent P and the remaining eigenvalues contained in AA+ AP + B. That is, two pencils
above are the two pencils the union of whose spectra is the spectrum of the underlying
DSGE problem. Following Chu (1987), these two pencils must form disjoint spectra for
the Sylvester equation AXP + (AP +B)X to be solvable. That the quantitites of pencil
separation and disjoint spectra (eigenvalue separation) are related should be apparent.
These two measures, however, can differ arbitrarily, see Stewart (1973, pp. 754-755) and

the comparison later here, and the appropriate measure is the separation.
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Following the approach for P and beginning with @ defined as in (64) through FQ = -D
where F = AP + B and for normwise perturbations
{ IAF || F ||AD||F}
€ = max ,
¢ 0

normwise relative perturbations in @, ””Ag”qf , from the perturbed linear equation

F+AF)Q+AQ)+D+AD =0

can be bounded to first order in € as follows
Theorem 6 (Condition Number of @ via (64))
The relative perturbation in @ is bounded to first order in € by

IAP||p

<V2v O(?
1Pl @@ +0()

where Yq,(Q), the condition number of Q, is given by

| (1. 8F) (9@ 01, 61,0, ]

Yo,(Q) = 2
@@ 1QIF
Proof. See the appendix here. Il
This sharp bound can be weakened to
Corollary 3 (Bound of Condition Number of @ via (64))
The condition number of @, Yq,(Q), can be bounded by
_ QllF+06
o, @ = [F 7, 2 —0g,@)
1Rl F

where

|77 = 7 B
where 0 p,;n is the smallest singular value.
Proof. See the appendix here. Il

As above, the weaker bound ®g,(Q) relates the condition number to the condition of
the linear system in F. This metric, however, treats F' as a primitive, which as F = AP +B
is certainly is not. Hence this metric will generally miss sources of ill conditioning.

With @ defined as in (64) through F@ = —D but taking perturbations in A, B, and P in

the definition of F = AP + B into account via normwise perturbations

{IIAPIIF IAAlF IABlF IADIg }
€ =max 5 ) ) ’
¢ a B 0
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normwise relative perturbations in @, ””Aé‘?”y , from the perturbed linear equation

[(A+AA)YP+AP)+B+ABl(Q +AQ)+D +AD =0

can be bounded to first order in ¢ as follows
Theorem 7 (Condition Number of @ via (63))

The relative perturbation in @ is bounded to first order in € by

IAP||p
IPllF

where Y, (Q), the condition number of Q, is given by

<V4¥q,(@Q)c +O(e?)

|(1n.8aP+B) " [e@'0A aPQYel,, pQel., 6Iun)
QN7
Proof. See the appendix here. U

Vg,(@) = :

This sharp bound can be weakened to
Corollary 4 (Bound of Condition Number of  via (63))
The condition number of @, ¥q,(Q), can be bounded by

SIQIFIAIF +allPlpllQlr+ BIRQIE +6

Yo, @) < [(AP+B)1|, = Dg,(@)
1Rl 7
where
|(AP+B) |, =0, (AP +B)
where 0 py;n is the smallest singular value.
Proof. See the appendix here. U

Comparing to the measures for @1 above, the leading smallest singular value contribu-
tion remains unchanged as F' = AP + B, so additional ill conditioning comes from the ill
conditioning of P but not through solving for Q.

Taking that P itself is a function of A, B, and C into account and considering normwise
perturbations accordingly

{ IAAlF IIABlF IACIF IADIF }
€ = max , , ,
a p Y o

relative normwise perturbations in @, ””Ag”qf , from the perturbed linear equation

[(A+AA)YP+AP)+B+ABl(Q+AQ)+D+AD =0
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where AP satisfies
(A+AA))(P +AP)2 +(B+AB)(P+AP)+C+AC=0

can be bounded to first order in € as follows
Theorem 8 (Condition Number of @ via (63) with Dependency of P Taken into Account)
The relative perturbation in @ is bounded to first order in € by

IAP| 7
IPllF

<V4¥4,(@Q)e +O(e?)
where Yq,(Q), the condition number of Q, is given by
Yo, @ =|[e(@sL,)V(P'oL,,) BQ8,)V
~Y(@ (AP +B)A)V! 51, ®(AP+B)| ”2/||Q||F
Proof. See the appendix here. U

This sharp bound can be weakened to
Corollary 5 (Bound of Condition Number of @ via (63) with Dependency of P Taken into
Account)

The condition number of @, WY¢q,(Q), can be bounded by

P + A
Vou@=|v ], AU PIRTr vy, jap 1y, 1 1Al
1Q17 1QT
_ 19)
+[@AaP+B)H, Q- Dg, (@)
Proof. See the appendix here. 0

Notice now that in addition to the ill conditioning in P treated as a data matrix for the
problem that can affect the conditioning of @ as captured above in @9, the problem in P
also affects the solving for @, with now the smallest singular value of V that entered in
the conditioning analysis for P is also present here in the condition number of @. This is
quite natural, as P is not a primitive as is was treated in 9 above and ill conditioning of
its solution will likely be translated to an ill conditioned solution of @.

The weaker bounds for the condition numbers of @ can be ranked as follows
Corollary 6 (Rankings of the Bounds of Condition Numbers of @)

The bounds on the condition numbers of Q can be ranked by

g, (@) = Dg,(@) = Dg,(Q)

Proof. See the appendix here. O
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This follows from the successive admission of F'; then A, B, and P; and finally A, B,
and C as primitives in the problem in @.

Instead of examining P and @ individually, we ca, consider the conditioning of the
entire solution of the linear DSGE model. Hence, considering P and @ jointly via the

matrix [ P Q] as a function of A, B, C, and D and measuring perturbations normwise as

{”AA”F IABlF IACIF IIADIIF}
€ =max

a 2 ﬁ b ’}/ > 6

llar sq]

relative perturbations in P and @, E from the perturbed system

(A+AA)P+AP)[P+AP Q+AQ)]
+(B+AB)|P+AP Q+AQ|

+[c+ac p+aD|=|o o

can be bounded to first order in € as follows
Theorem 9 (Joint Condition Number of P and @)
The relative perturbation in [ P Q] is bounded to first order in € by

|27 2e]]

> ell,

where Ypq(P,Q), the condition number of [P Q], is given by

E < VaVpo(P,Q)e +O(c?)

w-1
_ Awix,
Ypo(P,Q)=
H [P e[,
where
P 0
W=1I,,n ®AP+B)+ Tl g A
Ql n gn
and
P2/ Pl Iny 0
X=|a ®1I,, ®l,, v ®l,, 6" | el,,
Q'P' Q' nedn, I,
Proof. See the appendix here. Ul

This sharp bound can be weakened to
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Corollary 7 (Bound of Joint Condition Number of P and @)
The condition number of [P Q], WYpo(P,Q), can be bounded by

a([P?],+1QPI:) + B([|P?[, + 1QIl) +y +6
[P elf,

YpoP,Q) < |[W71, =Dpo(P,Q)

where

Wy =07ty W)= 0,0, (V) = [V, = Sep™ " [(AP +B,A),(I,P)]

min min

where Oy, 1S the smallest singular value and Sep is the difference measure between the

pencils (AP +B,A) and (I,P).
Proof. See the appendix here. Il

The weaker bound shows that condition number of the entire problem rests on two
components the conditioning of the underlying matrices A, B, C, and D, as summarized
by the fraction in ®pg(P,Q) and the inverse of the smallest singular value of W. The
further development shows that this is the smallest singular value of V and hence the
conditioning of the entire linear DSGE model hinges on the conditioning of the quadratic
problem in P.

Table 2 contains an overview of all the condition numbers - the stronger bounds all
differ from their respective weaker bounds in that they consider the right hand or data
matrices jointly with the left hand matrix. That is, they acknowledge the Kronecker
structure while solving the problem that can lead to a canceling or amelioration of some
conditioning problems that will be overlooked when splitting the two sides of the problem.
Again, the weaker bound is useful in theory and practice due to its diagnostic perspective
(I have shown that the smallest singular value of W is identical to that of V') and is more

easily computed numerically, especially advantageous for larger models.

3.3. Practical Forward Error Bounds for Linear DSGE Model Solutions. Of
particular interest, especially to practitioners, is a measure of the accuracy of a calculated
solution. That is, beyond measures and bounds of backward errors and condition numbers
that reveal sources of numerical instabilities and errors in the problem being solved, we
would like to know how accurate a given solution to the problem is. This is often called
the a posteriori forward error bound, a posteriori in the sense of after having calculated
a solution. I will derive such bounds for P, @ - from the different perspectives on the

primitives examined also above, as well as a for [PQ] joint that summarizes accuracy
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in one measure. I will also provide two bounds, a tight bound and a weaker boud, with
the weaker bound being useful for larger models where the tighter bound might be
computationally prohibitive (see also the following section).

Beginning with the transition matrix P, we will take the residual to be the actual
residual AP2 + BP + C of the solution P produced by some solution method.
Corollary 8 (A Posteriori Forward Error Bounds of P)
Let P be a computed solution to (5) with residual R = AP%+ BP + C, the forward error of

P can be bounded as

oyl
1P 1Pl 2
where V=1, ,®(AP +B)+P'®A.

IR e
1217

(76)

Proof Let AP =P —P,set AA=AB=0and AC =R = AP?2+BP +C, and invoke Theorem
5. O

This reiterates the point made often above: a small residual need not be associated
with a small error and indeed the same culprit behind a large condition number ||V_1 ||2
can potentiate a small residual into a large error in P.

Now turning to @ and starting with @ that takes F' as a primitive, the residual is set
to the residual associated with an actual numerical solution Q
Corollary 9 (A Posteriori Forward Error Bounds of @)

Let Ql be a computed solution to (64) with residual R = FQl + D, the forward error of Ql
can be bounded as

18Q1p _ |(n, 0FJvecB)ly ooy IRIE

1@ lQ ?lQ

Proof. Let AQ =@ — Ql, set AF=0and AD =R = FQ + D, and invoke Theorem 6. Ll

(77)

F |F

Here I relax the assumption that F' is a primitive and consider F’s dependency on A, B,
and P when assessing @
Corollary 10 (A Posteriori Forward Error Bounds of @2)
Let Qz be a computed solution to (63) with residual R = (Ap +B) Qz + D, the forward error

of Qz can be bounded as

I,,®(AP +B) ") vec(R)
18917 _ I - ) . <|(aP+B)"Y| IRl (78)
IQ1r |Q1l 2|Qllr

Proof Let AQ =Q —Qg2, set AA=AB=AP=0and AD =R = (AP +B)Q + D, and invoke

Theorem 7 . U
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Notice that these first two bounds on Q are identical. As the P used in F and for the
residual is taken at face value, the difference is in name only, as I sumamrize in the
following
Corollary 11 (Equivalence of the A Posteriori Forward Error Bounds of @1 and @32)
The bounds in (77) and (78) are identical for F = AP + B.

Proof. Inspection. u

Now I calculate forward error bounds on @ that takes the forward error of P used in
the calculation of F into account
Corollary 12 (A Posteriori Forward Error Bounds of @3)
Let Q3 be a computed solution to (63) with residual Rg = ((AP +B)Q +D) Q3 + D, with P
a computed solution to (5) with residual Rp = AP2+BP +C, the forward error of Qg can
be bounded as

””AQQ””F <|(Qe[(aP+B) " A])V " vectp) ~ (I, ® (AP +B) " |vec®BQ)| /|Q (79)
F
<|(ar+B)7, ( ”};Q|”F V14l ||Rp||p) 80)
F

where V=1, ®(AP +B)+P'®A.

Proof Let AQ = Q —Q3; set AA=AB =0, AC=Rp =AP?2+BP+C, and AD = Rg =
(AP +B)@Q + D; and invoke Theorem 8. Details in the appendix here. O

As would be expected, the error from P affects the error of Q through A, as P enters F
through AP. The error of P is governed by ||V_1 ||2 as it is above.

Note that this can serve only to increase the looser of the bounds, as this bound
considers the sources of errors separately
Corollary 13 (Comparison of the Upper A Posteriori Forward Error Bounds of @1, @2,
and @3)
The upper bound in (79) is strictly larger than the upper bounds in (77) and (78) for P

calculated with finite precision.
Proof. For ”P” >0, ||V'1 ”2 Al IRp |z > 0 and the result follows by inspection. U

Now I bound the forward error of the entire problem by considering forward error

bounds on the joint problem of [P Q]
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Corollary 14 (A Posteriori Forward Error Bounds of [ P Q])
Let [P Q] be a computed solution to (5) and (6) with residuals Rp = AP? + BP + C and
Rg = (AP +B)Q +D, the forward error of [ p Q] can be bounded as

ik
”[AP AQ]HF w 0 Q1 . ol vec([Rp RQ]) 2
= (81)
[z el Il all,
g e Telly oy llme mll,
[z <lf, [z <],
p’ 0
whereW:Iny+ne®(AP+B)+ o ny(X)ne ®AandV:Iny®(AP+B)+PI®A.
NeXne

Proof. Let AP=P-P and AQ =Q -Q;set AA=AB=0and [AC AD|=[Rp Rg]sand
invoke Theorem 9 and Corollary 7. U

As was the case above for the condition number, the looser bound on the joint problem is
driven by the same potentiating factor as for the problem P alone, ||V_1 ||2 This provides
an explanation (at least out to the complete solution at first order, though the equations in
all higher order parameters of a nonlinear perturbation solve linear equations analogous
to that in @ here, see Lan and Meyer-Gohde (2014)) of the centrality of the accuracy of
the quadratic problem in P for the entire solution as pointed out by Anderson, Levin, and
Swanson (2006). The relation between the different measures can be more readily see in
their juxtaposition in table 3. I now turn to the actual computation of these measures
- recall the weaker bounds are useful in that they do not require the solution of the
large Kronecker systems in V, F', or W, but only require the smallest singular value or

underlying pencil separation.

3.4. Numerical Considerations in Calculating the Error Bounds and Condition-
ing Numbers. Given that the calculations above for determining the accuracy of the
solution to (5) and (6) involve calculations such as solving systems in the square of the
dimension (via the Kronecker product) of P and @ of singular values that are arguably
as complicated as the calculations involved in the solution such as eigenvalues being
evaluated, one might ask how accurate the evaluations of the accuracy themselves are.

Demmel (1987) and Higham (1995) address this directly, establishing that the condition
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number of the conditioning number is the condition number - i.e. the sensitivity of the
calculation of the condition number is of the same order as the condition number calcu-
lated. That is, while the condition number, like the numerical problem being addressed,
is not calculated with infinite precision, the numerically calculated condition number
accurately reflects the actual condition number in the sense that the numerical errors in
its calculation are not of a greater magnitude than the calculated condition number.

For larger models, direct calculation of even the practical froward error bounds above
might not be feasible as they involve solving linear systems with and calculating singular
values of V which is an n?v X nf, matrix.!” Note that V = I,,®(AP +B) +P'®A is a

Sylvester operator and the quantity V~!'vec(R) used above can be obtained as vec(X)

where X solves the following
(AP+B)X+AXP=R (83)

As laid out above when deriving the condition numbers of P, the smallest sin-
gular value of a Sylvester operator is related to the associated pencils via
Omin [(P'®A)+(I (AP +B))| =Sep[(A,— (AP + B)),(I,P)]. Hence, solving for X numeri-
cally and calculating the conditioning of the system will give the required quantities. I
employ the algorithm of Gardiner, Laub, Amato, and Moler (1992), Gardiner, Wette, Laub,
Amato, and Moler (1992), and Hopkins (2002) - ACM Algorithm 705 - which solves for
X using a generalized Hessenberg-Schur algorithm directly on the Sylvester equation
above.'® However, emerging algorithms from Kéhler (2021) and Kéhler (2022) will likely

replace this algorithm going forward.

3.5. Numerical Insights into Generalized Schur or QZ Decompositions. The gen-
eralized Schur or QZ based methods from section 2 are eigenvalue based methods, with
the triangular structure of the factorizations revealing the eigenvalues of the underlying
inflated matrix pencil. Studies concerning the numerical robustness of generalized eigen-
value problems date back at least to Stewart (1972) and Wilkinson (1979), who provided
examples of essentially arbitrary results from the QZ algorithm in the presence of nearly
singular pencils, i.e., violation of the regularity assumption above. The computation of

eigenvalues numerically is likewise subject to finite precision, Hammarling, Munro, and

7And analogously for F', I,,, ® (AP +B),and W.

18Alternatively, Kéagstrom (1994) and Kagstrom and Poromaa (1996) solve a related simultaneous system
representation of generalized Sylvester equations, see also Chu (1987), which is implemented in LAPACK
as ZTGSYL, but this requires inflating the dimensions by doubling the size of the system.
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Tisseur (2013) provide a comprehensive study on improving the accuracy of quadratic
eigenvalue problems. Anguas, Bueno, and Dopico (2019) provides a comparison of dif-
ferent conditioning numbers for the eigenvalues of matrix polynomials and conditioning
numbers of polynomial eigenvalues can be obtained via eigenvalues for perturbations of
the polynomial or pseudospectra (see Tisseur and Higham, 2001; Higham and Tisseur,
2002). Specifically, Tisseur and Higham (2001), Mengi and Overton (2005), and Michiels,
Green, Wagenknecht, and Niculescu (2006) apply pseudospectra to stability radii in
continuous-time applications.

While an obvious method to assess the accuracy of a numerical eigenvalue 1 if a

symbolic or analytic value is available would be
max(|Aeig|) = max(|Asymbolic = Amethodl) (84)

or some other distance measure such as the chordal distance, the pseudospectrum can
provide insight into the necessary count and unit-circle separation of eigenvalues for
saddle-path stability in the absence of such symbolic or analytic value. Specifically, the
pseudospectrum provides a perturbed analog to the spectrum or set of eigenvalues/latent

roots of (9) and (10)

pe(M)={1eC:(M(A)+AM(A))x =0 for some x #0 and AM (L) (85)

with [|[AA| <eaa,|AB| <eap,|AC| <eac} (86)
where AM(A) represents the perturbation of the quadratic'”
AMA)=AA A%+ ABA+AC (87)

and the a;’s control the perturbation, which are set as ax = |X| using the 2-norm following
Tisseur (2000). As shown in Tisseur and Higham (2001), this 2-norm definition of the
pseudopectrum corresponds to the backward errors of the eigenvalues.

As proven in Tisseur (2000), while the QZ or generalized Schur algorithm is numerically
stable for the generalized eigenvalue problem (Stewart, 1972), this is not the case for the
quadratic eigenvalue problem, as it does not respect the structure of the latter. To see

this, first define the pseudospectrum of (13) analogous to above

Pe(Prg) ={A€C:(Prg(A1)+ APrg(1))x =0 for some x # 0 and APgg(1) (88)

with |AF|| <ear,|IAG| <eag} (89)

19This is perhaps easier to see via the identity M(1) + AM(A) = (A + AA)A2 + (B + AB)A +(C + AC).
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comparing the perturbations involved in (88) with (85)

AFi; AF AG1 AG
APpe(A)=AFA-AG= | " T BT T (90)
# Iny Onyxny A/_ Onyxny Iny Iny — O (91)
Onyen, AA -ac -aB|) 1,2 [aM@)

Inspection underscores that, in general, perturbations of the QZ or generalized Schur of
the companion linearization (12) do not respect the specific structure in the underlying
matrix quadratic problem (5). That is, while the backward stability requires the admission
of arbitrary (though bounded, see the definition of the pseudospectrum above) AF;; and
AG;j, the companion linearization mandates that AF12, AFa1, and AG11 must be zero (i.e.,
no perturbation is admissible here) and AF1; and AG12 must have unit (1 ny) perturbations
for the structure of the QZ problem to still represent the quadratic eigenvalue problem
under numerical perturbations. This is obviously a source on tension between the QZ
algorithm and the solution of the quadratic eigenvalue problem and Tisseur (2000) proves
that this tension precisely leads to the QZ algorithm no longer being backward stable
for the quadratic eigenvalue problem and hence, by extension as the solution of the
matrix quadratic problem cast in terms of the QZ algorithm is numerically analogous
to the quadratic eigenvalue problem following, e.g., Higham and Kim (2000), will not be

backward stable for the matrix quadratic problem.

3.6. Existing Error Checks. The DSGE literature and existing linear implementations
of course is not devoid of error and accuracy checks. These, however, are either residual
based or eigenvalue based. Both are insufficient given the results above as I will now
address.

As reviewed in section 2, the DSGE literature generally seeks solutions P and @ as a
unique P with eigenvalues inside the closed unit circle. Hence of the 2n, latent roots A in
(9), there are n, inside (or on) and n, outside the unit circle and the former are used to
construct P € R"»*"*y such that M(P) =0 and |eig(P)| < 1. The generalized Bézout theorem,
e.g., Lan and Meyer-Gohde (2014), which states that a lambda-matrix divided on the right
by a binomial in a matrix has as a remainder the matrix polynomial associated with the

1.2

lambda-matrix evaluated at the matrix of the binomial.”* For the matrix quadratic here

20A5 noted by Gantmacher (1959, Ch. 4) and repeated in ?, Davis (1981), Higham and Kim (2000), and
Higham and Kim (2001), if this matrix in the binomial is a solvent of the matrix polynomial, the division is

without remainder, yielding a factorization of the matrix polynomial.
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this yields the factorization
M) =(AAL+AP +B)I,yA-P) (92)

If there is a unique stable solution, then the pencil (I,,,P) contains eigenvalues only
inside or on the unit circle and the pencil (A,— (AP + B)) contains only eigenvalues only
outside the unit circle. Hence, the matrices/Sylvester operators V, F', and W that are the
cornerstones of the condition numbers above are nonsingular, as the main theorem of Chu
(1987) that requires the disjoint spectra (or sets of eigenvalues) for these pencils applies.

A natural assumption would be that the closer these spectra are, the closer V, F', and W
are to being singular and, hence, the more ill conditioned a DSGE model is, the larger the
practical forward error bounds are, and, finally, the less accurate the solution produced by
a numerical algorithm is likely to be. Indeed those algorithms from above that implement
some numerical check do exactly this (qz_criterium in Dynare, TOL in Uhlig’s (1999)
Toolkit and div in Sims’s (2001) Gensys) if any unstable eigenvalue comes too close to the
unit circle, implying that the smallest possible distance between the moduli of elements
of the two spectra.

Unfortunately, this is insufficient as the distance between the two spectra is measured
by the distance or separation between the two pencils as demonstrated by the results
above and these two measures can differ arbitrarily, a result well established in the
numerical literature. The bounds on the condition numbers are scaled by ||V_1 ||2, ||F -1 ||2,
and ||W‘1|| 9> which correspond to the inverses of their lowest singular values. For
V= Iny ® (AP +B)+P’'® A this is Sep_l[(A,AP +B),(I,P)]. Note that the two pencils
in the difference measure are precisely the two pencils whose spectra must be disjoint.
A recent and succinct presentation of the difference between the pencil and spectra
separation is given by Chen and Lv’s (2018) Theorem 2.3

Sepl(4,B),(C,D)l < min |ai6; - Bivj| (93)

=L1,4,..,ny5)=1,4,...,1ty

where a; = 1;5; and y; = uj6; are the generalized (extended to “infinite” eigenvalues) of
the pencils (A,B) and (C,D) respectively. This by itself is not conclusive, but equality
only holds for definite matrix pairs, see Stewart and Sun (1990), with positive definite
A and B will all eigenvalues real and semi simple, obviously not generic properties in
DSGE models. Stewart (1973, pp. 754-755) demonstrates how disconnected the pencil and

spectra separation can be: scaling A, B, C, and D all with o # 0 leaves the eigenvalues
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unchanged, oa; = 1;06; © a; = A;B;, but scales the pencil separation
Sep[(cdA,0B),(6C,0D)]=0Sepl(A,B),(C,D)] (94)

Varah (1979) provides several examples how “incredibly small” this pencil separation can
be and emphasize that “it is extremely important to realize that Sep can be very small
even though the eigenvalues [...] are well separated.” In sum, current implementations
of (Moler and Stewart, 1973) QZ missed the contemporaneous work by one of the same
authors, Stewart (1973), that would have pointed them away from the eigenvalue separa-
tion towards the pencil separation that shows up here. The consequences of this will be
seen in the examples that follow.

The DSGE literature also has several measures to characterize the accuracy of a
solution that are usually applied in the context of a nonlinear model. The two most
prominent are Judd’s (1998) Euler equation errors and the Haan and Marcet (1994) test
and both of these statistics are residual based measures. Judd’s (1998) Euler equation
error statistic calculates the average or maximal one-step error in, say, the A’th equation
of the nonlinear model (1) from using some approximation y; = y(y;_1,&;) to the solution

(2) over some range of the state space y;_1 x £,

NLEE ,(yt-1,€:) = Et[fn(9(P(yi-1,€1),€641), V(Y1 -1,€8), Yt-1,€4)] (95)

Instead of this nonlinear measure, let us use the same method in the linear model (3) to

assess the accuracy of different linear solutions j; = P Vi1 + Q £t

LEE(y;-1,61) = AE; []3 (pyt—1+Q5t)+Q8t+1]+B(13yt—1+Q &) +Cyi—1+De;  (96)

= AQE,[e;+1]1+ (AP +BP +C)y;_1+(APQ +BQ +D) &, (97)

As E;[e4+1], the measure, likewise for any row A, entirely reflects the residuals of 0 =
AP?2+BP +C for (5) and of 0 = (AP + B)Q + D in (6) and (63). As proven in Theorems 1
through 4 above, small residuals do not imply small backward errors (and, hence, forward
errors). This is essential, as the relevant measure of accuracy is the forward error, which,

in terms of the linear policy function, is

FE(y;-1,e0) =1 —y: = (P—P) Ye-1+ (Q—Q) & (98)

21The calculation of the expectation is nontrivial and generally performed with quadrature or the like
with respect to £;1 and the error is usually measured in relative terms to consumption, perhaps y; ; the

k-th variable in the vector of endogenous variables - but neither of these points are relevant here.
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Although making small one-step ahead prediction mistakes with an approximated solution
method is without question important, the direct measure of y; — y; is of even more obvious
importance if such a measure is available. This measure is provided by the foregoing
analysis (and are simply weighted by values in the state space y;_1 x &; above).

The Haan and Marcet (1994) test is similar in that it also is residual based and, hence,

is subject to the same criticism. To see this, define the simulation residuals as

SNLR1=f(Pt+1,91,5¢-1,€1) (99)

where the model is simulated using a sequence stthl of draws (also some initial value
for the state yg, but after an appropriate burn-in this should be irrelevant) and an
approximated solution y; = y(y;—1,€:). Choosing some n, vector of simulated instru-
ments, z;, measurable with respect to the information set at ¢, then it must hold that
E[SR;.1®z:] =0 which has simulated counterpart

1 T
_Zf(yt+1>5’t’5}t—17€t)®zt (100)

SNLR7p =
T t=1

and an estimate NLQ7 of the variance of SNLRp, Haan and Marcet (1994) give the test

statistic
Jr=TSNLR,NLQSNLRr (101)

which is asymptotically distributed y? with n,n y degrees of freedom. Consider now the

linear counterpart

SLR;1=AQer 1 +(AP?+BP +C) -1+ (APQ+BQ +D) ¢ (102)

=AQei 1 +(APQ+BQ +D) e, + (AP>+BP +C)(Qes—1 +PQeso+...  (103)

Taking, without loss of generality, any &;_;, j = 0 as the instrument z;, E[SR;,1®2;]=0
requires
(AP+B)Q@+D=0 j=0

E[SRt+1®Zt]:O:> (104)
AP2+BP+C=0 otherwise

like the Euler equation errors above, this measure also operates on the residuals of
0=AP2+BP +C for (5) and of 0 = (AP +B)Q + D in (6) and (63) and again the same

criticism applies.
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4. APPLICATIONS

I now turn to two sets of applications to investigate the numerical stability of the
different methods, QZ- and non-QZ-based, from section 2 in solving several DSGE models.
The first comprises three specific models with specific parameterizations: two production-
based asset pricing models, with the production side following standard real business
cycle models (Kydland and Prescott, 1982; King and Rebelo, 1999) and habit formation
(external and internal) on the part of households following, e.g., Constantinides (1990);
Campbell and Cochrane (1999); Campbell (2003), and the medium-scale moentary model
of Smets and Wouters (2007). The first model is particularly simple, with only external
habit formation added in deviation from standard real business cycle analyses. This choice
is made as symbolic solutions of the unknowns in the linearized model are available.
The second is the model of Jermann (1998), which features internal habit formation
and adjustment costs in the capital accumulation equation and the third is a policy
relevant New Keynesian model featuring numerous shocks and frictions. The resulting
linearized models for the latter two do not admit reliable symbolic solutions, so analyses of
numerical solutions must rely on the numerical diagnostics developed above in section 3. I
demonstrate errors of economic significance in all three models with existing QZ methods
from the literature and demonstrate that my methods reliably detect these errors and
provide the warning missing from the existing methods.

Having established that errors of economic significance can occur in standard solution
methods of linear DSGE model, the second set takes a first pass at addressing how
prevalent such errors in the literature might be. The first exercise implements the
backward error and condition number measures from above in a database of roughly
100 different macroeconomic models from the literature, the suite of models in the
Macroeconomic Model Data Base (MMB) (see Wieland, Cwik, Miller, Schmidt, and
Wolters, 2012; Wieland, Afanasyeva, Kuete, and Yoo, 2016), a model comparison initiative
at the Institute for Monetary and Financial Stability (IMFS), 2? chosen to assess the
different methods’ performance in as non-model specific an environment as possible. Then
I turn the measures of accuracy over a set of draws from the posterior of the model of
Smets and Wouters (2007). Fortunately, backward errors of economic significance were not
found in either exercise, although differences in the accuracy of linear solution methods

from the literature differ in some instances by multiple orders of magnitude.

22300 http://www.macromodelbase. com
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4.1. A Simple Log Normal DSGE Asset Pricing Model. The first model I examine is
chosen specifically because it will admit a closed form solution for the coefficient matrices
P and @ while still being capable of generating a macro variable of interest, consumption,
and a non trivial financial variable, the risk premium via log normality. It is a toy
production-based asset pricing model, based on a standard real business cycle model
(Kydland and Prescott, 1982; King and Rebelo, 1999) with external habit formation and
a power utility kernel. (Constantinides, 1990; Campbell and Cochrane, 1999; Campbell,
2003) The representative household seeks to maximize

o0

Eo) Bulc,Xy), 0<p<1 (105)
t=0

where c; is consumption and X; the external habit stock, subject to
ct+kt:eztk?_1+(l—6)kt_1, O<a,0<1 (106)

where k; is the capital stock accumulated at time ¢ and z; is total factor productivity that

follows the AR(1) process
2t = P21 +wer, & FENQO,D, 1ol <1, 0<w (107)

The first order condition of the maximization problem is

Uc(crr1,Xe41)

1=E, ﬁm(aezt”kf—lJrl—é) (108)
C ts t ~ -~ -
v g Ry
me+1

where m .1 is the stochastic discount factor or pricing kernel and R .1 is the (risky) return
on capital. Assuming an external habit such that X; = ¢;—1 in equilibrium with A the
degree of habit formation and power or CRRA utility with risk coefficient o, marginal
utility is w.(cs, Xy) = (¢ —hes—1)"?. Equations (106)-(108) characterize a equilibrium
for the stochastic sequences {c;,k;,2:}72, given a sequence of shocks {¢;}{°, and initial
conditions ¢_1,k_1,2_1.

Defining the steady state, values ¢, k,z that solve (106)-(108) with &; = 0 V¢, equations

(106) and (108) can be log-linearized around these values to yield
!
0=AE;[y;+11+By; +Cy;—1+Dz;, y; = [c} kt] (109)

2 =p2Zi-1+ WE;, & iid. N(,1) (110)

a 2 by 2 system of equations linear in the log-deviations of the endogenous variables, c;

and k;, from their steady states, w; =logw; —logw, for w € ¢, k.
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Following Hansen and Singleton (1983); Campbell and Shiller (1988); Campbell (2003),
risky (say, R; from above) and risk-free (via no arbitrage, 1 = E; [mt+1]R{ ) assets can be

priced under the implied joint log-normality of the approximation above via
= — f __
1=E, ™R and 1=RIeM B, o] (111)

which gives the risk premium as —covt(nTtTl,I?tJr\l), following, e.g., Lettau (2003), and can
be expressed in terms of the variance of z; (w?) as [ aQ.. (1+ B(1 - 5))]2 w?. Importantly,
the coefficient @.,, the impact of technology on (log) consumption, must be solved for
numerically even in this (log) linear case.

The model was chosen to be as simple as possible, in order to enable the symbolic
solution of the underlying matrix quadratic problem; see Higham and Kim (2000) who
argue that Matlab can successfully solve two-dimensional matrix quadratic problems
reliably. I provide numerical results for two calibrations, see table 4, labeled standard
and extreme. The standard calibration follows the RBC literature (see, e.g., King and
Rebelo, 1999) with the degree of habit formation, A and curvature in the utility function,
o, elevated to match an equity premium of 7.8 in annual percentage points following
Mehra (2003) for the post-war US and w, the standard deviation of the technology shock,
adjusted to deliver a standard deviation of consumption growth, std (logc;), of 0.566 in
quarterly percent, in line again with the post-war US experience. The extreme calibration
is chosen to bring the eigenvalue separation between the stable and unstable pencils closer
together, while maintaining the match of the symbolic solution to the equity premium

and consumption growth volatility.

h B ) a o 0 )
Standard 0.966 0.99 0.025 0.36 98.1 0.95 0.134
Extreme 1-3.907E-05 1-1.750E-10 0.6715 1-5.751E-05 9.151 1-5.184E-04 3.068E-03

TABLE 4. Calibrations

Besides assessing whether the different solution methods are able to recover the exact
solutions for the two calibration targets, I examine the underlying causes of a degeneration
in accuracy following the results of the previous sections. Namely the largest absolute
deviation in the matrices for the linear solution or policy function (4), P and @, and the
largest absolute difference in the finite eigenvalues of the quadratic eigenvalue problem
(10) relative to the symbolic solution, and the separation between the calculated stable

and unstable eigenvalues along with the relative residuals, backward error bounds, pencil
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separations, conditioning numbers and bounds on the forward error of the solutions, P
and @, produced by the various methods. Additionally, I provide plots of the pseudospectra
of the matrix quadratic (85) and of the QZ companion linearization (88) used to solve for
P. The results that are referred to as “symbolic” are solved symbolically and evaluated
using Mathlab’s VPA (variable precision arithmetic) with 100 digits of accuracy.

Table 5 contains the results for P under the standard calibration. The first line contains
the equity premium predicted by the different methods and all of the methods successfully
predict an equity premium of 7.8 annual percentage points, likewise the volatility of
consumption growth, the third line, is identical across methods. Upon closer examination,
the second line, the difference between the symbolic equity premium and that predicted
by the varying methods differs across methods. The most accurate methods being those of
Binder and Pesaran (1997) and the cyclic reduction method of Dynare, with all QZ-based
methods apart from Dynare displaying degrees of accuracy several orders of magnitude
lower. As laid out in Villemot (2011), Dynare reduces the problem solved with the QZ
algorithm by, among others, eliminating zero column variables in the A and C matrices of
the linear system (3); this is in line with one of the suggestions by Hammarling, Munro,
and Tisseur (2013) to improve the accuracy of the quadratic eigenvalue problem. This
is reflected in the fifth line of the table, where the largest error in the finite eigenvalues
calculated by Dynare are in line with the non-QZ-based methods, those of the remaining
QZ-based methods are several orders of magnitude larger, and that of Binder and Pesaran
(1997) being the most accurate. The errors in the resulting matrix for the recursive
component of the linear solution or policy function (4), P are roughly of the same order of
magnitude as the eigenvalue errors. Despite the differences in the accuracy of calculating
the eigenvalues, all of the methods yield the same eigenvalue and pencil separations and
the conditioning numbers of the solvent P are likewise consistent across methods. Based
on this standard calibration, the differences in the solutions generated by the different
methods are of no economic consequence. Yet as indicated by the fourth line (alongside the
differences in the risk premium in the second line), the methods differ in a numerically
consequential and, more importantly, predictable manner. Note that the relative ordering
of accuracy in the predicted equity premium, with Binder and Pesaran (1997) being the
most down to Klein (2000) being the least accurate, is reflected in the accuracy of the
solvent P in the fourth line as measured by the largest entrywise absolute deviation from

the symbolic solution.
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The symbolic solution will generally not be available, and the methods of the previous
sections provide backward-forward error decompositions and argue theoretically they are
superior to potential alternatives based on eigenvalue separations or residuals. Beginning
with the residuals versus backward errors, the ordering of methods is well captured by
the relative residuals although the variation in the growth or amplification factors, up(P),
indicate a variation in backward errors not captured by the relative residual. Neither
the eigenvalue nor pencil separation produced by different methods are by themselves
informative, as their values do not varying by the same orders of magnitude as the
solution or moment differences. The agrement on the pencil separation contributes to
the agrement on the condition number bounds. The order of the condition numbers
corresponds roughly (see Judd (1998) or Higham (2002)) to a worst case loss of four
significant digits in solutions, which corresponds cleanly to the differences in the orders
of magnitude in the backward errors and the forward errors. Notice in particular that
the tight, forward error bound 1 using the Frobenius norm corresponds in magnitude
to the largest entrywise absolute difference in P relative to the symbolic solution. The
forward bound 2 is a looser bound theoretically and indeed does not bound the errors in P
as tightly as bound 1 - its advantage, however, is its calculation enables it to be applied
to larger models as will be explored later. In summary, the forward error bounds that I
provide here provide the same order of magnitude information about the accuracy of a
numerically calculated solution that the presence of a symbolic solution would allow.

Figure 1 plots the pseudospectra for the extreme standard of the matrix quadratic (85)
—in blue — and of the QZ algorithm (88) — in red — against the symbolic eigenvalues —
in black — for two different sizes of perturbations. In the left panel, the pseudospectra
are not visible, as they overlap with the symbolic results for perturbations of this size.
For slightly larger perturbations (right panel), the pseudospectrum of the QZ algorithms
encompasses the unit circle while that of the matrix quadratic remains invisible at this
scale. This, following Tisseur and Higham (2001), indicates that the backward error in
calculating the eigenvalues is not only larger than under the QZ algorithm than with
the matrix quadratic, consistent with Tisseur (2000) and with the backward forward
analysis of the solvents P in table 5, but also that the stable and unstable eigenvalues
are potentially indistinguishable numerically.

Table 6 continues the results for the standard calibration, focussing now on the results

that pertain to @, the shock impact matrix. While the P matrix is most obviously subjected
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FIGURE 1. Pseudospectrum: Standard Calibration x-axis: real component, y-axis:

imaginary component, large black dots: eigenvalues, black curve: unit circle, small red
dots: pseudospectrum QZ companion linearization (88), small blue dots: pseudospectrum

matrix quadratic (85)
to numerical errors being a matrix quadratic problem, @ not only solves a linear problem
that depends on P (hence inheriting numerical instabilities) but as it gives the impact
effects of shocks on endogenous variables is as if not more important than the transition
matrix P. Indeed the calculations above show that the expected risk premium is a
function of the square of the element @.,. The first row of the table repeats the difference
in the expected risk premium from the above and the second row gives the elementwise
largest absolute difference in each method’s @ relative to the symbolic solution. Again the
ordering of accuracy in the predicted equity premium, with Binder and Pesaran (1997)
being the most down to Klein (2000) being the least accurate, is reflected in the accuracy
of the methods’ Q.

In comparing the relative residuals and backward errors under @1 and @9, the dif-
ference between standard linear analyses exemplified by @ where F in F = AP + B is
taken as the source of errors in calculations and the resulting larger potential errors
when the interactions of errors in A, B, and P are taken into consideration - the growth or
amplification factors u increase beyond one in the latter case, reiterating the point from
above that backward errors can differ arbitrarily from relative residuals for structured
linear systems. While the different methods agree on the different condition numbers
¥ and @, the differences between the different condition numbers is instructive: from
1 to 3 with F, then F = AP + B and finally F = AP(A,B,C) + B taken as the coefficient

matrix, the condition number becomes progressively larger. That is, the dependence
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on the underlying quadratic problem leads to a less well conditioned linear problem
than one would deduce by taking F' or then P at face value. Finally, the forward error
bounds for @2 are overly optimistic (and hence not to be trusted as upper bounds) with
respect to the entrywise errors in @ in the second line - the forward bound 1 for @3 where
the dependence of F on A, B, and P and of P on A, B, and C are taking explicitly into
account, again provides the same order of magnitude information about the accuracy of a
numerically calculated @ as one can obtain with a symbolic solution.

Table 7 continues the results for the standard calibration, focussing on the joint measure
[PQ]. The first three rows repeat the moment results stated first above together with
P for easy reference. Considering P and @ together gives one set of diagnostics for the
entire problem and also enables the calculation of backward errors including those for
@ that depend on P’s dependence on A, B, and C - i.e., explicitly taking the underlying
quadratic problem of P into account when considering @’s dependence on P. The results
show that when considering P and @ together, the bounds are roughly though slightly
less tight than the looser of the individual bounds on P or @. That is, the accuracy of
the combined results is at best as accurate as the less accurate of P and . The tight
bound on the forward errors, bound 1, gives the same order of magnitude results on the
accuracy of the solution as calculated with the symbolical solution available for the small
scae problem here and the loose bound, FE bound 2, provides a computationally less
demanding alternative.

Table 8 contains the results for the extreme calibration and the resulting predictions
for the two calibration targets now differ significantly across methods.?’ While the
non-QZ-based methods continue to maintain a significant match with the calibration
targets, lines 1 and 3, the QZ-based methods including Dynare now mispredicts the equity
premium by at least 75 annual basis points and as much as 3 annual percentage points,
errors of genuine economic significance. The second line, containing the differences of
the equity premium predicted by the different methods and the symbolic solution, now
show the algorithm of Anderson (2010) as being more accurate than the method of Binder
and Pesaran (1997) and the cyclic reduction method of Dynare being several orders of

magnitude less accurate than either of the two non QZ-based alternatives. The largest

23The moments and difference E [rpl, AE[rp], and std (Alogc;) are identical up to the digits shown in the
table for Klein (2000) and Uhlig (1999), out 8 significant digits, these are (first Klein (2000) and then Uhlig
(1999)) 7.0455204 and 7.0455406 for E[rp]; 0.7538038 and 0.75378359 for AE [rp]; and 0.52910871and
0.52910956 for std (Alogc;). Likewise the FE bound 1 is 6.9737898e-04 and 6.9736054e-04.
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entrywise absolute errors in P and in the eigenvalues are several orders of magnitude
larger than under the baseline calibration. While the relative residuals have increased,
the magnitude of these increases relative to the baseline case is inconsistent with the
collapse of accuracy in the moments of the endogenous variables or that of P and the
eigenvalues. This again casts further doubt on the appropriateness of residual based
accuracy measures. Note that the reduction of the pencil separation is several orders
of magnitude larger than the reduction in the eigenvalue separation, highlighting that
focusing on the eigenvalue separation can be misleading as to the true depredation in the
conditioning of the problem, which both measures and all solution methods agree is now
ill conditioned. Turning to the forward error bounds, both bounds order the differ methods
relative to one another consistently with the relative ordering based on the moments of
endogenous variables or the largest entrywise absolute errors in P. Relative to these
relative absolute errors that require an exact or symbolic solution and use a different
measure than the normwise errors of the forward error bounds that do not require such
an exact or symbolic solution, the forward error 1 bound is somewhat more pessimistic
than under the baseline calibration. Yet both forward error bounds, 1 and the numerically
less demanding 2, clearly provide an alarm that the results, especially of the QZ methods,
are likely to be inaccurate.

Figure 2 plots the pseudospectra for the extreme calibration of the matrix quadratic (85)
—in blue — and of the QZ algorithm (88) — in red — against the symbolic eigenvalues — in
black — for two different sizes of perturbations. In contrast to the results for the standard
calibration in figure 2, the finite eigenvalues are all much closer to the unit circle (see
the scale on the x-axis) and dispersion away from the exact eigenvalues is visible with
perturbations several orders of magnitude smaller. Again, the pseudospectrum of the QZ
algorithm bleeds across the unit circle for smaller perturbations than does the matrix
quadratic (right panel).

Table 9 provide the results of the extreme calibration for @.>* As above the different
ws for @1 and Q2 reflect the difference between taking the dependence of F on A, B,
and P into account or not. In general the different methods show relative residuals
only a couple of orders of magnitude larger than under the baseline calibration - the

results for Uhlig (1999) show that this method manages to solve the linear equation

24For FE Bound 2 ®2, Klein (2000) and then Uhlig (1999) give 0.0010757802 and 0.0010757517 respec-
tively out 8 significant digits.
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FIGURE 2. Pseudospectrum: Extreme Calibration x-axis: real component, y-axis:

imaginary component, large black dots: eigenvalues, black curve: unit circle, small red
dots: pseudospectrum QZ companion linearization (88), small blue dots: pseudospectrum

matrix quadratic (85)
exactly, conditional on the coefficient matrix ' = AP + B. An error detection based on
residuals would erroneously conclude the solution of Uhlig (1999) for @ and hence the risk
premium (which is a function of the square of the entry @.,) are beyond reproach and,
similarly, users of other methods relying on residual errors would likely likewise conclude
their results are reliable. The inaccuracies stem from P and are then transmitted to @
as indicated by the condition numbers associated with @3 that additionally takes the
dependence of P on A, B, and C into account. The importance of this dependence can
then be seen in the different forward error bounds. Whereas the bounds for @2 do not
indicate any especially worrisome inaccuracy (and for Uhlig (1999) these bounds are
exactly zero), the bounds for @3 correctly indicate potentially catastrophic errors, also
for Uhlig (1999) despite the exactly zero residual, and both the relative ordering of the
methods and the orders of magnitude of the forward error bound 1 align with the largest
entrywise absolute errors in @ that require the availability of a symbolic or closed form
solution.

Table 10 contains the results for [PQ] taken jointly.?> As under the baseline calibra-
tion, the combined bounds here take the more pessimistic of the results from P and @
individually. This has the advantage of providing a single error measure and the forward

error bound 1 provides a measure of the error in [PQ] of the same order of magnitude as

25For FE Bound 2 PQ, Klein (2000) and Uhlig (1999) give 8.2765608e-04 and 8.2763419e-04 respectively
out 8 significant digits.
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the entrywise maximal absolute error relative to the symbolic solution. The preceding
analysis of P and @ individually was useful diagnostically attributing the error to an ill
conditioned problem in P which led to high forward errors in P and, through its depen-
dance on P, then also in @. The errors in the moments in the first and third rows are
ordered relatively among the different methods consistent with the forward errors, but
have fewer significant digits as both moments are second moments, i.e., involved products
of elements of [PQ] combining the errors of the elements individually, see Higham (2002).
In sum, regardless of the method used, the resulting condition number indicates the
problem at this calibration is ill conditioned; meaning that small backward errors, which
here are several times larger than the relative residuals, can be potentiated into very
large forward errors; and the resulting forward error bounds indicate a catastrophic loss
of accuracy for the QZ methods and numerically large but economically insignificant
(in terms of the first several significant digits for first and second order terms) errors
to be concerned about. These diagnostic indicators are particularly useful as none of
the methods produced any warning or error that would have alerted the user to the loss
of accuracy - resulting in zero significant digits in the risk premium for two of the QZ
methods.

Table 11 contains a summary of results from additional alternate calibrations (see
the appendix, Table 34), in all calibrations, the parameters are chosen to match the
annual equity premium of 7.8 and the quarterly standard deviation of consumption
growth of 0.566%. Calibrations I and II are alternative “standard” calibrations, holding
all parameters apart from A, 0 and w constant. Calibration I has a higher curvature in
the utility function, o, and a lower degree of habit formation, /4, and calibration II vice
versa than in the standard calibration above. As in the standard calibration, these first
two calibrations are similarly conditioned, with II being less well conditioned by about
an order of magnitude, which corresponds with the forward errors being similar though
about an order of magnitude worse for calibration II than I and the differences (recall
this moment is second order in the underlying solution matrices) in the expected risk
premium about two orders of magnitude worse for II than I. All methods successfully
recover the equity premium up to economically irrelevant numerical errors.

Calibration III is similar to the extreme calibration above, but with a slightly reduced
degree of habit formation, A, and discount factor, 8, compensated by an increased curva-

ture in the utility function, o. The pencil separation drops roughly six orders of magnitude
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relative to the first two calibrations and, accordingly, the condition numbers increase by
roughly six orders of magnitude. The QZ methods demonstrate significant deviations in
their predicted equity premia as above, though now some methods over and some methods
under predict the premium. Calibrations IV-VI provide further examples of potentially
arbitrary results from QZ methods. Note that the relative ordering of the accuracy of
the QZ methods changes, likewise among the alternative methods. Hence, although one
can conclude that the alternative methods outperform the QZ methods, there is not a
uniformly better performing method among the two categories.

However, the forward error bounds systematically align with the relative ordering of the
accuracy of the methods’ expected risk premia. That is, for Dynare QZ, one could conclude
that the results for calibrations IV-VI were likely to be accurate for economic purposes,
whereas this could not be said for calibration II. Additionally, the pencil separation
increases between calibrations III and V and again from V to IV, corresponding to decrease
in the condition numbers from III to V and again from V to IV - the eigenvalue separation
moves in the opposite direction, again calling its use into question. Again, none of the
algorithms produced any warning as to the potential inaccuracy of their solutions.

The backward and forward error analysis of the previous sections has been shown to
successfully diagnose numerical errors of economic significance reliably and predictably
for this simple macro finance model with an available symbolic solution corroborating this
positive conclusion. These diagnostics are especially useful as none of the methods from
the literature used here produced any sort of warning for any of the different calibrations,

even those with a catastrophic loss (i.e., all significant digits) in accuracy.

4.2. Jermann’s (1998) DSGE Macro-Finance Model. Turning now to a more eco-
nomically relevant but still small enough scale model for detailed analysis, I will now
apply the backward forward error analysis of the previous sections and methods in the
literature when a symbolic solution is not available. Jermann’s (1998) macro finance
model provides such a model and is able to successfully replicate key finance variables,
such as the average equity premium, in a production based asset pricing framework -
that is, with endogenous production and consumption. THis model can also be viewed as
an extension of the model of the previous section that replaces the external habit with
an internal one, adds friction to capital accumulation via adjustment costs, and adds
constant growth to the environment. The first two changes increase the dimensionality

of the model, precluding the use of a symbolic solution to solve the linearized model and
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necessitating the use of numerical diagnostics. I show that the baseline calibration of
the model admits a well conditioned solution with reasonable backward errors by all the
numerical methods from the literature examined here, albeit it again with QZ based
methods performing relatively worse than the alternatives. However, nearby parameter-
izations produce models whose solution differs depending on the numerical algorithm
from the literature chosen, again with moments in macroeconomic variables and asset
pricing predictions that differ to an economically relevant degree. Furthermore, I show
that tautological redefinition of the model’s equation can result in different solutions from
the same numerical method or render a particular method unable to solve the rearranged
model.

In contrast to the model of the previous section, the habit stock, X;, is internal -
households internalize the effect of consumption today on the habit they will face tomorrow,
altering marginal utility from consumption, A; in the pricing kernel m ;.1 = BA;1+1/A; as
follows

1= Ou(c, Xe)+ PE[u(cri1,Xe41)]
t =
60,5

(112)

If habit formation is external, as in the previous section, this is simply u.(cs,X;), when the
habit is internalized and is a function of the previous period’s consumption, X; = X(c;-1),

this becomes

PR ACTR Ok fé[“(c”l’X”l)] = ue (e, X(cr-1)) + PE [ux (cre1, X(c)) Xe(c)] (113)
t

with the period utility function u(-) = O T/ -1) governed by the curvature 7 and
one-period linear habit -; = ¢; — be;—1 by the degree of habit formation 4.

Habit formation is not enough to match the equity premium in this model, households
need not only to care about volatile consumption streams, but they need to be prevented
from doing anything about it, as Jermann (1998) points out. Hence capital accumulation

now faces adjustment costs

ke=(1-8)k; 1 +<p(ki)kt_1 (114)
t—1

where the capital adjustment cost function is given as
. 7 . _é'
lt b ( Lt ) 1 -
= +¢ (115)
olms) 2 les

with & and ¢ set such that the steady state is identical to the case without adjustment

costs and 1/¢ is the elasticity of the investment-capital ratio with respect to Tobin’s q.
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T b pr=palT & oz

bar

Baseline 792 0.74 0.99 3.75  0.999%

Alternative 29.96 0.66 0.94 0.76  0.997%

Common Parameters

a Apar o Pz N SSadjc

0.36 0.005 0.025 0.99 1 1

TABLE 12. Calibrations for Jermann’s (1998) DSGE Macro-Finance Model

The parameterizations can be found in table 12. The baseline calibration is very close
to the calibration given by Jermann (1998) with only slight adjustments made to match
the set of moments in the first six lines of table 13, the average risk premium, the risk
free rate and the standard deviations of output, investment and consumption growth.
The alternative parameterization is merely a close-by calibration with an increase in
the curvature of the utility kernel - increasing households’ unconditional sensitivity to
volatile consumption streams - but increasing the elasticity in the adjustment costs -
making them, however, more able to respond to this volatility. As there is no closed form
or symbolic solution available, the consequences for the moments must be determined
numerically and as, can be seen in 16, the different methods from the literature disagree.

Beginning with the results for P under the standard calibration in table 13, all of
the methods agree on the macro and finance moments in the first six lines. The second
line contains the difference in the risk premium calculated by the different methods to
that predicted by the cyclic reduction method of Dynare - remember, we do not have a
symbolic solution available for this model. I chose this solution as the “reference” solution
simply because its forward error bound 1 was the lowest. This, of course, means we do not
have exact or symbolic comparisons for P or the eigenvalues of the quadratic problem to
use as a reference and must rely on a numerical nalysis of the quality of the solutions.
Examining the relative residuals versus the backward error bounds, the potential for
arbitrary differences between the two particularly across methods is apparent, while
the residual of Anderson (2010) is an order of magnitude lower, the backward error is
comparable to that of Uhlig (1999). As laid out above, the residual (and hence residual
based methods) are insufficient or at least problematic as an error diagnostic. Note that
all methods agree on the eigenvalue and pencil separation and place the eigenvalue
separation at a value twice as high as for the baseline calibration of the previous model

(see table 5). This is far from the case of the pencil separation, which is four orders of
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magnitude smaller than in the previous model. This is consistent with the condition
number for this model’s baseline calibration being up to four orders of magnitude higher
than those associated with the model of the previous section. That is, this model at its
baseline calibration is far less well conditioned than the previous model, a warning that
would be missed by methods that focus on the eigenvalue separation instead of the pencil
separation. Nonetheless, the economic consequences are irrelevant here, as one can also
surmise from the forward error bounds, though note that relative ordering of the forward
bounds align with the relative ordering of the deviations of the equity premium from that
of Dynare’s cyclic reduction method, chosen as the reference in the absence of a closed
form or symbolic solution here.

The results for the shock impact matrix @ under the standard calibration are contained
in table 14. As in the previous model, the relationship between the residuals and backward
errors for @1 and @2 shows again that taking the underlying dependencies of F' into
account is important to understand the differences between these two measures - in
the absence of a measure for @3 (due to its nonlinear nature), the dependence on the
dependencies of P in the backward errors will only be uncovered in the joint assessment
of [PQ]. For the condition numbers, however, we see that all methods agree on the values
of these numbers and that the condition numbers deteriorate as dependencies of F' on P
and then those of P on A, B, and C are included. The large jump in ®¢, is a consequence
of the small pencil separation and large condition number ®p involved in solving for
P. However, the economic consequences are in sum inconsequential as indicated by the
forward errors bounds at the end of the table, with the loose bound for @3 - the forward
error bound 2 - being very pessimistic for the same reasons that drive the large jump in
Dg.,.

Table 15 continues the results for the joint measure [PQ] under the standard calibration.
The unreliability of the residuals is highlighted here again with the backward errors being
roughly one order of magnitude higher than the relative residuals for Sims (2001) but
nearly three orders of magnitude for Binder and Pesaran (1997). As for P, the condition
number is significantly larger for this model than the simple habit model of the previous
section, which would be entirely missed by focussing on the eigenvalue separation or
similar measure to assess the quality of a solution. Despite the poorer conditioning, the
solutions do not suffer from numerical errors of economic consequence as indicated by the

forward errors. Note this conclusion is suggested by the agreement among the different
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solution methods, but are confirmed individually by the forward errors. That is, there is
no need to recalculated the solution with different methods as a user with forward error 1
bounds on the order of e — 12 or lower can be confident that any numerical instability are
inconsequential for the economic analysis.

Now turning to the alternative calibration and the results for P in table 16, there is
disagreement on the moments as can be seen directly in the first row. Whereas Dynare’s
QZ method calculates the risk premium as below the target, the remaining methods
suggest the risk premium has been overshoot at this calibration. Klein (2000) suggests a
much higher overshot than the other methods and Sims (2001) suggests the risk free rate
is much higher above its target. In the absence of a closed form or symbolic solution, it is
unclear which method’s moments we should consider correct. The consequences of this
uncertainty also extends to estimates: while the results would suggest that the curvature
in the utility function or habuit formation should be increased for some methods, the
suggestion goes in the opposite direction for others. The danger is even greater: none of
the methods here gave any warning or indication that their results might be problematic -
practitioners in this situation would be entirely unaware of these discrepancies.

The differences between the relative residuals and the backward errors cannot be
overlooked here with the growth or amplification factor ranging from 3.48 to 6.41e+06 -
relying on relative residuals would lead to undue confidence in some of the results and in
particular would grossly overstate their relative accuracies. The eigenvalue separation
has improved from the baseline calibration and users relying on this measure to diagnose
numerical inaccuracies would be mislead into being confident about their solution. The
pencil separation shows a collapse of the distance between the stable and unstable pencils
which then leads to very large condition numbers. Regardless of the method being used,
the measures of this paper would warn the practitioner that the model at this calibration
is very ill conditioned. The forward error bounds 1 show that the solution by Dynare
QZ is least accurate, followed by Klein (2000) and then the remaining QZ methods - this
is of course corroborated by comparing the moments with those of the other methods,
in particular the alternative, non QZ methods whose forward error bounds 1 indicate
that their results are reliable. The forward error bounds 2 are overly pessimistic here
which follows directly from the small pencil separation and gives a worst case measure
that neglects the structure of the solution to the problem. Hence, practitioners of every

methods would be warned of the ill conditioning of the problem and QZ users could further
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be warned of the expected inaccuracy of their solution, warnings that again none of the
methods from the literature provided here.

The results for the shock impact matrix @ under the alternative calibration can be
found in table 17. Again note the large differences between the relative residuals and
the accuracy of the moments - measured here by the difference to the risk premium
predicted by Anderson (2010), the method with the lowest forward error 1. The residuals
would not only suggest a reliability of the results from the individual methods, but
also a relative order - with Uhlig’s (1999) QZ method being tied as the most accurate.
Access to condition numbers again indicate that this problem is ill conditioned with the
looser bound deteriorating substantially as the dependencies on P and its dependencies
are incorporated going to ®g, and then ®g,, consistent with the ill conditioning of the
problem in P that serves to exacerbate the ill condition in the problem here in @ even
when taking F' = AP +B at face value. The importance of incorporating these dependencies
is highlighted by the differences between the forward error bounds for @2 and @3 using
Uhlig (1999) and despite the ill conditioned nature of the problem, the tight forward error
bounds 1 for @3 indicate the reliability of the solutions provided by the non QZ methods.

Table 18 continues the results for the joint measure [PQ] under the alternative calibra-
tion. The diagnostics provided by examining P and @ jointly summarize the results from
@ and P individually. Practitioners relying on residual or eigenvalue separation based
measures or warnings of numerical instabilities would miss the problems associated
with the model at this calibration: the backward errors differ by a factor of over 1e07
from the relative residuals for most methods and the pencil separation is smaller than
the eigenvalue separation by a factor of 1e13. The condition numbers confirm that the
problem is ill conditioned regardless of the method employed and the forward error bounds
1 show that the solution by Dynare QZ is the least accurate, followed by Klein (2000)
and then the remaining QZ methods, with the alternative, non QZ methods displaying
forward error bounds 1 that indicate the reliability of their results. Again the methods I
propose would warn users of all methods of the ill conditioning of the problem and QZ
users would be further warned of the expected inaccuracy of their solution, warnings that
none of the methods from the literature provided here.

Just as different methods that are theoretically identical can have different numerical
consequences, so too can different formulations of a model that are theoretically identical

have different numerical consequences. Consider the application of the Lucas asset
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pricing equation to pricing economic capital
1=E, [e'ﬁ”ﬁé”l] (116)
or equivalently

1=pE, [e_Tabar+Rt+lw (117)

Mt

where

et — ﬁe—mbarﬂ (118)

Hi-1

and y; is deterministically detrended A; from (112) above. In the results above, the
formulation (117) and (??) was used, now I replace (117) with (116). This theoretically
makes no difference, but numerically changes the problem significantly. To see this
intuitively, notice that previously, there were entries in the B matrix (associated with
contemporaneous variables) as well as in the A matrix (associated with future variables)
in the row associated with this equation. Now with (116), there are only entries in the A
matrix (associated with future variables) in the row associated with this equation.

The results for P under the alternative calibration and this alternate formulation can
be found in table 19. Three methods, Uhlig (1999), Binder and Pesaran (1997), and
Dynare’s cyclic reduction, are now unable to solve the model as rank conditions on B
required by these methods are violated. For the remaining algorithms, we find that now
Dynare’s QZ over estimates the risk premium, at least partially by calculating the risk
free rate as negative. The remaining QZ algorithms do not fair much better, predicting
very high risk free rates. The potentially much larger backward errors and ill conditioning
from above is again found here and only for the method of Anderson (2010) would the
forward error bound 1 indicate results that could be trusted. On the one hand, one might
be tempted to call foul as the forward error 1 for Klein (2000) is significantly smaller than
for Sims (2001) despite their similar predicted moments.

This is premature as the results here are only for P and the calculation of the moments
also depends on @, which are contained in table 20. As under the original formulation
the equation in @ is ill conditioned even taking F at face value and focussing on the
forward error bounds 1 for @3 (note that the forward error bounds 2 again potentiate the
ill conditioning of P together with @), it is now the error in Klein (2000) that is an order
of magnitude larger than for Sims (2001). As for P, only Anderson (2010) has forward

error bounds 1 that would lead the practitioner to trust the results. The results for P
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and @ individually are confirmed with the joint measure in [PQ] in table 21. All methods
that produced a solution agree that the problem is ill conditioned, which results from the
small pencil separations despite the well spaced eigenvalues, the backward errors can
differ by multiple orders of magnitude from the relative residuals, and the forward error
bounds 1 would indicate to users of all methods but Anderson’s (2010) that their results
are likely to have errors of economic significance.

For the internal habit model of Jermann (1998) of production based asset pricing does
not admit a closed form solution for the linearized problem. Nonetheless, the methods I
proposed in the previous sections would warn users of the ill conditioning of the problem
and of the expected inaccuracy of solution based on forward error bounds, warnings that
none of the methods from the literature provide, even in alternative calibrations that lead

to economically significant numerical errors.

4.3. Smets and Wouters (2007) Medium Scale Macroeconomic Model. Smets and
Wouters (2007) analyze and estimate a DSGE model based on macroeconomic data from
the US economy, providing a compact medium scale model that is arguably the benchmark
for structural policy analyses. Their New Keynesian model features sticky prices and
wages, inflation indexation, consumption habit formation as well as production frictions
in investment and capital and fixed costs. The model leverages seven macroeconomic
time series from the US economy to estimate the model parameters using Bayesian
estimation. They show that the model matches the US macroeconomic data closely and
that out-of-sample forecasting performance is comparable VAR and BVAR models.

I explore the permissable parameter space (as defined by the support of the authors’
prior) and demonstrate again a numerically problematic parameterization that existing
solution methods do not guard against. The resulting differences in the predictions of
the moments of endogenous variables are of economic relevance. To begin, I examine the
numerical stability of the solution at the posterior mode of Smets and Wouters (2007). In
table 22 I present the results for the transition matrix P. The first three rows are the
second moments of the three primary New Keynesian variables, inflation, output growth
and the nominal interest rate. The different solution methods all produce the same results
for these three moments. Notice that the moments are not perfectly matched (cf., Smets
and Wouters’s (2007, p. 604) table 6), as the posterior combines the prior as well as the
likelihood that itself likely will not perfectly match these particular movements. The

results are consistent with previous sections, backward errors can differ substantially
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from the relative residuals, the eigenvalue and pencil separations likewise differ and the
later leads to the condition number that is while modest not ill conditioned considering
that this model is medium scale with substantially more variables than the models in the
previous sections. Looking at the forward error bounds 1, any numerical errors are going
to be far too small to be of economic consequence.

These conclusions carry over to both the results for the impact matrix of shocks @
in table 23 and for the joint measure [PQ] in 24. Relative residuals and eigenvalue
separations differ arbitrarily from the backward errors and condition numbers that
combine into the forward errors. The bounds on the forward errors 1 for both @ and [PQ]
indicate that any numerical errors are unlikely to be economically important.

Now I will turn to a problematic parameterization contained in Smets and Wouters’s
(2007) prior.2® Examine the first three rows are the second moments of the three primary
New Keynesian variables, inflation, output growth and the nominal interest rate, in table
25 with the results for the transition matrix P. The different methods solving the same
linear model with the same parameters produce substantially different moments, some
with inflation more and others with inflation less volatile than in the data. Simply looking
at the relative residuals, a user might feel comforted as these numbers are of the order
of near numerical insignificance. Yet the backward errors are much larger and in some
cases the growth or amplification factor is on the order of 1e07. Methods that examine
the eigenvalue separation likewise find well separated stable and unstable eigenvalues to
assess numerically stability will miss the ill conditioning of this system as driven by the
poor separation of the stable and unstable pencils.

The forward error bounds 1, both for P in table 25 and the joint measure [PQ] in
table 27 are not overwhelmingly indicative of solutions whose errors will be of economic
consequence. This is not true, however, if the forward error bounds 1 for @3 in table 26
are examined. Looking at the forward errors for all three measures, the method of Binder
and Pesaran (1997) is likely to be the most accurate, but its forward error bounds 1 for
Q3 of 2.5e-08 is still not beyond reproach and some iterative method, such as proposed
by Meyer-Gohde and Saecker (2022) or Meyer-Gohde (2023), might be usefully applied
to reduce further improve the solution. This also highlights how not one single measure
will likely be sufficient in all cases. Certainly when one condition number of [PQ] is on

the order of 1el5, a cautious practitioner would calculate and look more closely at the

26please see the code for the specific parameterization of the over 40 parameters.



77

NUMERICAL STABILITY ANALYSIS OF LINEAR DSGE MODELS

‘91— HY03G G = 3G ‘UOISI9Id SUTYDRW UBYY) SSI] J0.LIS PIEMYDE( B S9ILIIPUL * PUE ‘g, A[I%1enb ur (72307) p1s ‘9, [enuue ur passoxdxo st[d.] g o
(L66T) URIBSOJ pPUR JOPULY 0} SI9JOI (L66T) g POYIOW UOIONPAL JII[OAD 8} SI SOAI}BUIS)[Y Jopun pue (T10g) J0WI[[IA Ul pajusmwunoop
ST SPOYISIAl Pesed-7Z Jopun a1eukl(q (TT0Z) JOWS[[IA PUR ‘0118Y ‘BIpULISJ ‘IqNOYI\ ‘PJIB[[INf ‘TUB)SBY ‘URTWS[PY 0} I9Jod ‘OIRUA(] 10, e

OPOTAl IOLINSOJ M SIMS9Y '¢g ATIV]

60-93G°'L  80-960'T 80-9TL'E 80-960'G 80-9GTL 80-9€9°F% 80-08'F £} g punog Fd
GI-986'C  GI-9G'8 GI-9€g’L PI-969T GT-0ET ¥ $1-0L0°9 y1-06'z  °® g punog Ad
GI-9T18'%  SI-9G8'T ARCIE A G1-98G°9 Y1-010'3 P1-060'T GT-0G%'9  £® T punog HJ
9T-0LL'G  9T-96T'E 9T-929'¥ GT-oTT'T 9T-96¥'¢ GT-9%¥'G GI-988'T @ I punog {d
90+98%'G  90+98¥%'S 90+98¥°G 90+08%'G  90+98¥'G 90+98%°G 90+98¥°G 0
€0+299'T  £0+099'T £0+299'T €0+099'T  €0+299'T £0+299'T £0+099'T ‘0
0g 30g 0 20g 20g 0 20g "0
€0+96G'G  £0+96SG £0+965°C €0+96G'G  £0+965G £0+965°G £0+96G°G ‘O n
0¥% 0¥% 0¥% 0¥% 0¥% 0¥% 0¥% “On
8¢ 8¢ 8¢ 8¢ 8¢ 8¢ 8¢ O 1
16700 16700 16700 16700 16700 16%0°0 16%0°0 "dog [usd
60°S g g0'¥ 89°¥ A7 ST'¥ ze'e ‘o
L1-9G9'8  9T-0Tg'T L1-99€'8 91-990°3 LT-0G8F 9T-0GT'L 91-99¢'G ¢¢ punog gd
LTOLT  LT-OT¥G LT-980°% LT-9GF LT-OLT'T 9T-0gL'T LT-OTL d 'soyg °g
9% 5% y9'¢ 9T'¥ vLE gL' g torl
LT-987'G  LT-9%9'L L1-93E°G 9T-0TET LT-980°¢ 9T-07G¥ 9T-0G'T I punog gd
LT-96T'T  LI-969°T LT-09%'T LT-99T°¢ 81-0¢3'8 9T-013T LT-966F I 'soyg oY
809°0 809°0 809°0 809°0 809°0 809°0 809°0 (1)p3s

YD oreukq (L66T)dd (0T0g) uosmpuy 7P areukq (666T)STMUN (T003) SWIS  (0003) U

SOATRUIONY SPOYIRIN Poseq-7Zd 9INSBIN




NUMERICAL STABILITY ANALYSIS OF LINEAR DSGE MODELS

78

‘91— HY03G G = 7o ‘UOISIaId SUTYDRW UBYY) SSO] J0.LIS PIEMYDE( B SIILIIPUL * PUE ‘g, A[Ia%renb ut (72307) p1s ‘9, [enuue ut passoxdxo st[d.]z o

‘(L66T) UeIeS9q pue Jopulg 03 SI9JOI (L66T) dF "POYIOW UOITIONPAI II[OLD 9] ST SOATJRUIS)Y I9pun pue (TT(F) JOWI[[IA UI POJUSWNIOP

ST SPOYJSIAl pPoseg-Z® J1opun axeul( (TT0g) JIOWS[[IA PUe 0118y ‘BIpuaIdd ‘TqNOYIIA ‘PJIe[[INf ‘Tue)seq ‘UeTwalpy 0} J0Jod ‘©IRUA(] 10, o

OPOIA JI0LI91S0J B SHNSoY ‘¥g ATAV]L

GIoLLL  TI93T'T 11-9L¥%'¢ TT-9%1°3 11-9%9°9 T1-91G°S 11-989'% ¢ punog 4
FI-9IET  SI960°G ¥1-9¢6% ¥1-91%'% $1-9GT°L $1-986'C $1-910'T 1 punog Hq
G0+9G6'E  G0+9G6'E G0+9G6°¢ G0+9G6°'¢ G0+9G6°¢ G0+9G6°¢ G0+9G6°¢ P
FO+9LO'T  $0+9LO'T $0+9L0'T $0+9L0'T $0+9L0'T $0+9L0'T $0+9L0'T 4h
G0-9%9F%  G09%9F G0-9%9'F G0-9%9'F G0-9%9'F G0-9%9'F G0-9%9'¥ "deg [rousq

89L0°0 89L0°0 89L0°0 89L0°0 89L0°0 89L0°0 89L0°0 ‘dog "3ryy
93¢ V18 ¥°9¢g €68 g'€g 13T g'LE drf
9T1-93%'9  91-980°9 GT-996'F GT-9ET'g GI-9G6'¢ GT-969°'T GI-9GH'¥ punog Hg
LT-9L6'T  LI9%8C LT-96L°8 LT-9G%'S 9T1-989'T 9T-9%'T 9T-96T'T 'soy oY
9990 9990 9990 999°0 999°0 999°0 999°0 0€8°0 (1yps
€96°0 £€96°0 €960 €960 €960 €960 €960 9980 (£v)prs
809°0 809°0 809°0 809°0 809°0 809°0 809°0 q19°0 (1)p3s

Yo areukq (L66T)dd (0T0g) uosmepuy  7ZP areubq (666T) MU0 (T00Z) SWIS  (0003) UIO[] ejeq

SOATIRUINY

SPOYIOIN POseg-ZD

QINSBIN




79

NUMERICAL STABILITY ANALYSIS OF LINEAR DSGE MODELS

‘91— HY03G G = 7o ‘UOISIaId SUTYDRW UBYY) SSO] J0.LIS PIEMYDE( B SIILIIPUL * PUE ‘g, A[Ia%renb ut (72307) p1s ‘9, [enuue ut passoxdxo st[d.]z o

‘(L66T) UBIBSOJ pPUR JopULY 0} SI9JOI (L66T) g ‘POYIOW UOTIONPAL II[OAD 9} SI SOAI}BUIS)[Y Jopun pue (TT0g) J0WI[[IA Ul po}Uswnoop
ST SPOYJSIAl pPoseg-Z® J1opun axeul( (TT0g) JIOWS[[IA PUe 0118y ‘BIpuaIdd ‘TqNOYIIA ‘PJIe[[INf ‘Tue)seq ‘UeTwalpy 0} J0Jod ‘©IRUA(] 10, o

uoneiqie) d13ewWd[qoI] :J SINS9Y 'GZ ATV,

9% €6200°0 ¥0'% clo4 L¥G 9'€6 920 ¢ punog H4
€1-96g'e  9T-9%T'G €1-99¢'T €1-96¥'¢ T1-968'T GI-oLT L ¥1-966'T T punog Hq
QI+o78'¢  GI+9¥8'G GI+9%8'% gI+9%8'% gI+9%8'% GI+9%8'% gI+9%8'% 4
¥0+919'C  ¥0+91G'G ¥0+919°g ¥0+919°g ¥0+919°g ¥0+919°g ¥0+919°g 4k
$1-999°L  ¥1-999°L $1-999°L $1-999°L $1-999°L $1-999°L $1-999°L "deg [rousq
110 110 110 110 110 110 110 ‘dag "3ry
Y0+oLL' T LO+OTO'E ¥0+9gL’g 70+9g9¥ L9€ 062 G0+96L'F drl
11-968'% 11-9T°¢ II-9T1T'% 11-99%°L T1-961°€ G1-99G'6 11-9LE% punog Hqg
GI-9€9'T  8T-9€0'T 9T-9LT'L GT-99'T ¥1-2L9'8 $1-962°€ LT-9€1'6 'soy 1Y
€LS°0 19°0 609°0 8€SG°0 €290 6950 €950 0€8°0 (H)prs
LSS0 L8S°0 L8S°0 L89S0 L89S0 LSS0 L89S0 9580 (AV)p3s
8LG°0 929°0 ¥29°0 %90 &v9°0 GLS0 ¥95°0 G190 (1)p3s

gy oreudq (L66T)dd (0T0g) uosiopuy 79 oxeulq (6661) SMUN (1003) SWIS (0003) WY elR(

SOATIRUINY SPOYIRIN pPoseg-7Zd QINSBIN




80 NUMERICAL STABILITY ANALYSIS OF LINEAR DSGE MODELS

backward and forward errors and condition numbers for P, @, as well as [PQ]. Again the
methods I propose would warn users of all methods of the ill conditioning of the problem
and further warned of expected inaccuracies in their solution, warnings that none of the

methods from the literature provided here.

4.4. MMB Suite Comparison. Having demonstrated the relevance of numerical in-
accuracies in a controlled environment where a symbolic solution is available and for
nearby calibrations of an economically relevant macro-finance model and a widely used
policy model, I turn to the question of how prevalent ill-conditioned models or those with
large backward errors in the literature as a whole might be. Examining every reasonable
cailibration (or parameterization examined during iterative analysis such as posterior
sampling via MCMC) of every model in the literature is obviously an impossible task.
A useful first step in this direction is provided by the Macroeconomic Model Data Base
(MMB) (see Wieland, Cwik, Miiller, Schmidt, and Wolters, 2012; Wieland, Afanasyeva,
Kuete, and Yoo, 2016), a model comparison initiative at the Institute for Monetary and
Financial Stability IMFS)?’. While this platform was originally envisioned as a means to
compare policy recommendations across a broad set of macroeconomic models from the
literature, providing a venue for model robust policy recommendations, it can also be used
as a database of models from the literature to compare solution methods with. Version 3.1
contains 151 different models, ranging from small scale, pedagogical models to large scale,
estimated models of the US, EU, multi-country economies. Taking the model equations
and parameterizations in the database as given, I examine the numerical stability using
the methods developed above for the set of solution methods also presented above. I
apply the methods of this paper to the set of models appropriate for reproduction,® the
varying sizes of which are summarized in figure 3. Reiterating this point, this is the same
suite of models used in Meyer-Gohde and Saecker (2022) and Meyer-Gohde (2023), which
facilitates the comparison of the methods.

To asses the numerical stability within the model database, I will present the worst
results for each measure and solution method in a table as well as a density approximation

over all the models graphically. Beginning with the worst case measure and method wise

27See http://www.macromodelbase. com.
28Currently, this is 99 models, ranging from small scale DSGE models to models from policy institutions

containing hundreds of variables. Some of the models in the database are deterministic and/or use nonlinear

or non-rational (e.g., adaptive) expectations and, hence, are not appropriate for our comparison here.


http://www.macromodelbase.com
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FIGURE 3. Histogram over the number of variables for the 99 MMB models

Figure 3 plots the number of model variables over the amount of MMB models. Currently

the total amount of models considered is 99.
for the transition matrix P, see table 28.2° Note first that the worst case amplification
or growth factors that show how backward errors can differ from relative residuals are
on the order of 1e06, 1e07 across all methods. With the exception of the cyclic reduction
method of Dynare, the relative residuals and also the backward errors are even at their
largest comfortingly small. There are models in the database that are ill conditioned at
their baseline calibrations as both the condition numbers indicate, following from small
separation. Brought together, there are models in the database whose transition matrix
forward error bounds cannot rule out numerical instabilities.

Figure 4 summarizes the backward errors, condition numbers and forward errors across
all models graphically. Starting in the upper left panel, the backward errors are generally
within a couple orders of magnitude of machine precisions for all methods. Even though
the largest backward errors from table 28 are associated with the cyclic reduction method,
this method actually is the most accurate on average with its mode even inside machine
precision. The upper right shows both measures of the condition numbers are note that
this number can be calculated regardless of the solution method and is an assessment
of the problem and not the solution. With this depicted on a logl0 scale, there are a
number of models that are moderately ill conditioned. The lower left panel provides the
two forward error bounds and the general conclusion to be taken from here is that all
of the methods generally provide solutions that are numerically stable in the sense that

29Binder and Pesaran’s (1997) method requires specifying a maximum iteration N before solving. Either
a computationally prohibitively large N could have been chosen for all parameter draws or a smaller N

could have been chosen that might have proven potentially insufficient for some parameter draws, biasing

the accuracy measures. I chose at this stage to forgo including the method in the comparison.
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FIGURE 4. Backward Error, Condition Numbers, and Forward Error Bounds, P,

for MMB Models

their numerical errors in P are unlikely to be of economic consequence. Expressed relative

to Dynare’s cyclic reduction, the forward error bounds are stably idstributed, meaing that

generally the solutions gain and lose accuracy together, i.e. the less accurate solutions in

the database are driven more by the problem than the solution method.

Table 29 provides the worst case results from the model database for the impact matrix

Q. Again, the worst case amplification or growth factors that show how backward errors

can differ from relative residuals are high and on the order of 1e05 to 1e06 across all

methods. With the exception of Sims (2001), the relative residuals and also the backward

errors are even at their largest comfortingly small. There are models in the database that

are ill conditioned at their baseline calibrations as both the condition numbers indicate,
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for @1, @2, and Q3 indicating that ill conditioning within the database occurs natively in
the problem in @ as well as being inherited from P. However, the forward errors seem to
indicate that although numerical instabilities of economic consequences in the impact
matrices cannot be ruled out, these worst case scenarios for the forward error bound 1 are
not overwhelmingly large.

For the impact matrix, figure 4 summarizes the backward errors, condition numbers
and forward errors across all models graphically. The results here are for @2 so F = AP +B
is used with errors in A, B, and P taken into account (but not the dependency of P and A,
B, and C). Starting at the upper left, all methods except Klein (2000) and Sims (2001)
produce backward errors comfortably inside machine precision, but even for these two
methods, the errors are all within two orders of magnitude of machine precision. The
condition numbers are in the upper right and they are in general small to modest, though
there is a mass of model with significantly ill condition problems in . For the forward
error bounds, most of the methods for most of the models are very close to machine
precision, with the looser bounds driven bay the condition numbers at face value are often
very pessimistic. The methods of Klein (2000) and Sims (2001), however, are noticeably
less precise with Dynare’s QZ joining them as an intermediate case in both the lower
panels. Hence I can conclude that the QZ methods are consistently less accurate in their
solutions for @ than the remaining QZ method, that of Uhlig (1999) (see the models above,
this result is a recurring theme).

Finally the joint measure [PQ]is contained in table 30. Here the differences in the worst
case relative residuals and backward errors are apparent, highlighting again the danger
of solely residual based error diagnostics, also underscored by the growth or amplification
factor running at about 1e07. The worst case separation, both eigenvalue and pencil, are
very small (with the exception being the eigenvalue separation for the cyclic reduction
method of Dynare, hinting that practitioners using the eigenvalue separation might miss
the most ill conditioned model) leading to a worst case very ill donditioned problem by
noth measures. Now for the joint measures, economically significant numerical errors
cannot be ruled out for the worst case model, espeically and interestingly for the non QZ
methods.

Figure 6 summarizes the backward errors, condition numbers and forward errors
across all models graphically for the joint measure [PQ]. The majority of the mass for all

methods is close to machine precision for the backward errors and concentrated around
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FIGURE 5. Backward Error, Condition Numbers, and Forward Error Bounds, @,

for MMB Models

well to slightly ill conditioned problems. The most accurate method might be judged to be
the cyclic reduction method with its left shift of mass in the lower left panel, the forward
error bound 1 (importantly recall its poor worst case performance above). Plotting the
forward error bounds 1 relative to that of the cyclic reduction method, we see that most
of the variation in accuracy is driven by the different problems in the database with the
cyclic reduction method generally being about a bit less than an order of magnitude more
accurate than the other methods.

In sum, examining the models in the Macroeconomic Model Data Base (MMB) (see
Wieland, Cwik, Miiller, Schmidt, and Wolters, 2012; Wieland, Afanasyeva, Kuete, and

Yoo, 2016), I do not find evidence for pervasive numerical inaccuracies in models from the
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literature. That is not to say that the literature is free from the problems I examine here,

with some worst case measures indicating potentially economically relevant numerical

errors and many of the problems examined in the literature are ill conditioned. While

the non QZ based methods generally perform better than the QZ methods, the method of

Uhlig (1999) consistently solves for @ better than the other methods and the worst of the

worst case results for the joint measure are produced by the non QZ methods. Hence, there

is no systematically superior algorithm and each method may perform better or worse

than others depending on the circumstance of the model. This makes the incorporation of

diagnostics like those provided in this paper to be all the more important.
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4.5. Smets and Wouters (2007) Posterior. I return to the Smets and Wouters (2007)
model and generate 100,000 draws from their posterior. While the posterior mode was
free from economically relevant errors, I also presented a parameterization within the
prior that did have such aberrancies. I conclude that numerical instabilities, though
present, are not pervasive in the estimates of Smets and Wouters (2007).

I will again present the worst results for each measure and solution method in a table
as well as the posterior density of the measures graphically. Beginning with the worst
case measure and method wise for the transition matrix P, see table 31, I find that the
largest relative residuals and backward errors in the posterior are comfortably small,
though again the latter can be multiple orders of magnitude larger than the former. The
smallest eigenvalue separation is not of any concern, whereas the pencil separation points
to some parameter draws leading to a reduction in conditioning. This is confirmed to some
degree as the looser of the two condition numbers is somewhat large for in the worst case
parameter constellation. In combination, however, the forward errors and in particular
the first bound suggest that all the results in the posterior are reliable, at least from an
economic perspective.

Figure 7 summarizes the backward errors, condition numbers and forward errors across
the posterior graphically. Starting in the upper left panel, the backward errors are all
within a couple of orders of magnitude of machine precision with the cyclic reduction
method leading to the lowest and Uhlig (1999) the highest backward errors. The two
condition numbers are tightly distributed through the posterior and agreed upon by all
the methods as is to be expected - I do not find convincing evidence of ill conditioning with
respect to P in the posterior. Finally referring to the forward errors, the higher accuracy
of the cyclic reduction method is maintained - see the lower right panel, it is generally
on order of magnitude more accurate - but the entire posterior for all methods is within
several orders of magnitude of machine precision. I conclude that the calculations of P
in the posterior of Smets and Wouters (2007) for all the methods examined here are free
from errors of economic consequence.

Table 29 provides the worst case results from the posterior for the impact matrix Q.
Although the backward errors and relative residuals can differ, they are generally very
close and around machine precision. The condition numbers are small apart from when
the dependency of F on P and P on A, B, and C are taken into account, with the loose

bound rising up to 1e07. Nonetheless, the forward error bounds 1 that take into account
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for Smets and Wouters (2007) Posterior
the interaction during the solution places the worst case forward errors only a few orders
of magnitude away from machine precision.

For the impact matrix, figure 4 summarizes the backward errors, condition numbers
and forward errors across the posterior graphically. The most accurate method for @ is
again Uhlig (1999) both in terms of backward and forward errors, though all methods
produce low backward errors. The problem across the posterior is well conditioned and
in terms of the forward error, Uhlig (1999) and the non QZ methods are roughly equally
accurate and the remaining QZ methods roughly comparable and about one order of

magnitude less accurate. Nonetheless, there is no evidence of any economically significant

numerical errors in the calculation of .
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Finally turning to the joint measure [PQ] is table 33. Backward errors and relative

residuals differ by about and order of magnitude or two in the worst case and are within

a couple orders of magnitude of the machine precision. Eigenvalue and pencil separation

results are in line with the results for P and even in the worst case, there is no strong

evidence of ill conditioning. An the forward error bounds even at their highest in the

posterior are consistent across all solution methods with results free from economically

consequential numerical errors.

Figure 6 plots the posterior of the backward errors, condition numbers and forward

errors for the joint measure [PQ]. The backward errors are all within a few orders of

magnitude of machine precision although the cyclic reduction method and Sims (2001) are

noticeably more accurate than the remaining methods. The problem is not ill conditioned
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for Smets and Wouters (2007) Posterior

as indicated by all methods and all methods produce forward error bounds 1 within a few
orders of magnitude of machine precision, with all methods roughly equal apart from the
cyclic reduction method which again is about an order of magnitude more accurate that
the remaining methods.

All told, I do not find evidence for pervasive numerical inaccuracies Smets and Wouters’s
(2007) posterior. For the posterior of this particular model, the diagnostics seem to indicate
that the cyclic reduction method is the most accurate, generally around one order of
magnitude more accurate than the other methods. Yet I find no evidence that use of

any of the other methods from the literature examined here would lead to numerical

inaccuracies of economic consequence.
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5. CONCLUSION

This paper has provided a complete backward error and condition number analysis
of the canonical linear DSGE model. The measures derived here serve to provide prac-
titioners with a warning of ill conditioning and unreliable numerical results from their
chosen solution method from the literature with the practical forward error bounds having
proven particularly useful. The analysis shows that residual based error diagnostics or
error checks based on separation of stable and unstable eigenvalues are theoretically
incomplete, as backward errors can be arbitrarily larger than the relative residuals and
the appropriate metric for the condition number is the separation between the stable and
unstable pencils. The majority of the numerical implantations in the literature rely on
the QZ/generalized Schur algorithm is likely to be particularly susceptible to numerical
problems as its “stacking” or companion linearization breaks the backward stability of
the original algorithm as has been demonstrated previously for the quadratic eigenvalue
problem.

I assess the theoretical bounds in five different experiments. In two concrete macro-
finance models, calibrated to macroeconomic and financial data, as well as the policy
relevant New Keynesian model of Smets and Wouters (2007), I demonstrate economically
significant numerical errors especially from standard QZ-based methods. None of the
linear solution methods from the literature examined here - Dynare (Adjemian, Bastani,
Juillard, Mihoubi, Perendia, Ratto, and Villemot, 2011), Gensys (Sims, 2001), AIM
(Anderson and Moore, 1985; Anderson, Levin, and Swanson, 2006), Binder and Pesaran
(1997), Uhlig’s Toolkit (Uhlig, 1999) and Solab (Klein, 2000) - produced any warnings
despite moments predicted by the different methods differing in all significant digits. For
both the set of models from the Macroeconomic Model Data Base (MMB) (see Wieland,
Cwik, Miller, Schmidt, and Wolters, 2012; Wieland, Afanasyeva, Kuete, and Yoo, 2016)
and the posterior of Smets and Wouters (2007), I find that numerical instabilities are not
pervasive although the set of models in the MMB is not free from ill conditioned models
and potentially large forward errors.

This paper should serve as a cautionary tale that the ubiquitous linear DSGE model’s
accuracy has been taken for granted and provides a full set of numerical accuracy met-
rics. These metrics were derived using the same approach as underlies standard error
safeguards for nearly singular matrices undoubtedly familiar to all economists. In a set

of follow up studies, Meyer-Gohde and Saecker (2022), Meyer-Gohde (2023), Binder and
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Meyer-Gohde (2023), and Huber, Meyer-Gohde, and Saecker (2023) all examine different
iterative methods introduced in the applied mathematics literature since Moler and
Stewart’s (1973) QZ algorithm to improve on a solution deemed inaccurate be the methods

here.
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h B ) a o o )
I 0.8617 0.99 0.025 0.36 324.3 0.95 8.355E-02
II 1-9.857E-05 0.99 0.025 0.36 6.109 0.95 6.175E-02
111 1-1.008E-04 1-8.991E-06 0.6402 1-5.680E-04 51.53 1-6.066E-05 7.742E-04
v 1-6.829E-06 1-5.863E-08 0.6562 1-2.652E-05 1+2.591E-08 1-3.437E-03 1.594E-02
\Y% 1-4.294E-06 1-1.012E-12 0.4727 1-9.990E-05 1+7.590E-08 1-9.628E-04 7.898E-03
VI 1-5.070E-06 1-4.259E-08 0.6539 1-5.715E-05 1+4.755E-05 1-1.221E-03 7.102E-03

TABLE 34. Additional Calibrations I-VI

5.1. Multivariate pivot derivation of the linear solution using the generalized Schur decom-
position. While this derivation contains nothing substantially new compared with, say Klein (2000), its
formulation commensurate with (3) enables a straightforward application of Blanchard’s (1979) forward
method, making the derivations potentially more transparent and accessible than existing expositions in
the literature.

Rearranging the model (3) into the companion linearization yields

In,
Onyxny A

In,
-B

Onyxny

-C

Onyxng Onyxny

D

N
E;[ys41]

Yi-1

F =G &g, F= ,G= (A1)

Yt

where I,, isannyxn, identity matrix and On,xn, is an ny x n, zero matrix.
The generalized Schur decomposition (unitary @ and Z and upper triangular S and T with Q*FZ =S
and @ *GZ =T) of the matrix pencil Prg(z) = Fz— G, can be ordered arbitrarily to form

S11 Sio
0 Sa

Ti1 Ti2
0 Too

E¢[wi, ] w

E, [wltt+1]

Onang

D

+Q" €t (A2)

u
Wy

! !/
with the definition Z [wg’ wl! ] = [ Y1 yé] . With any generalized Schur decomposition of Ppg(z), the

spectrum or set of eigenvalues of the pencil Ppg(z) is determined by the diagonal entries of S and T

p(Ppg) = {tii/sii, if s;j #0; 00, if 5;; =0; @, if s;; =t;; =0; i =1,...,2n,} (A3)

where s;; and ¢;; denote the i’th row and i’th column of S and T respectively. Ordering the decomposition
so that the unstable eigenvalues are in the lower right blocks of S and T' (hence S99 and T'92), this lower

block can be solved forward following Blanchard (1979) to yield

w" = lim (T3 S2) B, (A4)
Jj—oo

u
wt+j

-Ty [{Q*}21 {Q*}zz] [Oﬁlyxng D’],€t= ~To3{@*}2.De;

-

=@ 1)z. =D
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where the invertibility of T'22 and convergence of lim_oo (T55 S 52)’ follow directly from the ordering above.

! !
Using the definition Z [wf bow ] = [ vy yé] from above delivers
u ! =17 * A
wi =23 Z||vi, vl =-T5@.De, (A5)

where * indicates the complex conjugation of Z that delivers its inverse by virtue of it being a unitary
matrix. If the necessary and sufficient assumptions for a unique stable solution for y; of (3) from the main

text hold, the unique stable solution for y; is given by
¥t =Z1Z11 i1~ (Zoo — Z21Z71 Z12) Ty 1Q* }2. Dy (A6)
=Qu1S1 I T11Q 11 yi-1— (Zo2 — Z21271 Z12) T35 {Q*}2.De, (A7)
where Z;{l =Zoo —Z21Z1’11Z12 and 252*1251 = —Z21ZI11 follow from the properties of unitary matrices and
Z21Z1_11 = Qllsil TllQil from the first block rows of F and G in (12) and upper triangularity of S and T'.
From @11S Ill T11QI11, it follows that the recursion in y; is stable from the ordering of the eigenvalues above,

i.e. the eigenvalues of the upper left block of the generalized Schur decomposition, det(S11A—T11) =0, are

inside the unit circle.

5.2. Norms, eigenvalues, singular values. These results will be used repeatedly.
The 2-norm of X, | X || is given by

1Xll2 = Omax(X) = (Amax (XX*))1/2 = (Amax (X*X))l/z (A8)

where 0,4, indicates the largest singular value and A,,,, the largest eigenvalue.

The Frobineus-norm of X, | X ||z is given by

1

1/2
IX 5 = (trace (A*A))"% = (Z oi (X)2) (A9)
As 1X112 = IX11Z+ Xitmax0i (X)? and ¥; 0 (X)? < nomax (X)?, it follows that

IXl2 < 1XlF<n21Xls (A10)
IQI2 = trace(@ * @) = ¥ ") 5,(Q) = 0 s (Q).
The eigenvalues of A ® B are the eigenvalues of A times the eigenvalues of B, (Horn and Johnson, 1994,
Theorem 4.2.12).

Eigenvalue inequalities used in the proofs follow from results on AA* being Hermitian, (Horn and

Johnson, 2013, p. 226) and the (Courant-Fischer-)Weyl Theorem, (Horn and Johnson, 2013, p. 239).

5.3. Proof of Theorem 1 - Backward error: Matrix quadratic (P). For an approximate solution P to

AP2+BP+C=0.
np(P) = min{e “(A+AA)P?+(B+AB)P +C+AC =0,
IAA|F <ea, |ABlF <€B, IAC|p < ey}
the constraint can be written as

AAP?2+ABP+AC=-R  where R=AP2+BP +C
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Hence
IRIF = |AAP2 + ABP + AC| < |1AAIF |P?|| + IABIF |B| o+ IACIF

< (@|P?p+BIPIp+7)npP)

)
IR|F 5
= = =np(P)
a[[P?|+B|P[p+y
Define
a~tvec(AA)
z=|p vec(AB)
¥y~ lvec(AC)

Then using the property that |[vec(X)lle = | Xz and the property that | X|r = vtr(X*X) (and hence
|[x v]], = vIEGOT+TEmN) gives

Iz13=a 2 |AAIZ + B 2IABIZ +y 2 |ACIZ < 3np(P)

and [|z)12 = np(P)?
So
1 .\
ﬁ lzllz =np(P) < lzll2
using the Kronecker / vectorized representation (vec(XY Z) = (Z' ® X)vec(Y))

aP? eI, pP'el,, yIn |2 = vedR)

=r

=H

where H has dimensions n,2 x3n,2 and H -z =r is an underdetermined system in z with the minimum

2-norm solution
z=H%r

So lzlly = [ H* 7|, and np(®) < [H* |, < [H* - Irll = ||, 1B
Hence the backward error is bounded with respect to the relative residual, RR(P)= W
F F

RRP®)<npP)< [H" ||y (a]|/P*|5 +B|P| 5 +7) RR(P)
as [X* |y = 0min(X)™! and 0nin(X)? = Apin(XX*)
|E (57 = 0%, (B) = Ain HH") = Apni (2 (P¥' P2 & 1, + BXP'P) O L, +74°1 |

=a%02 . (P%)+ %02 (P)+vy>

min min

a[|P2] o+ BIP]p+y

(a202 . (P2)+po2 . (P)+y?

up(P) = and RR(®P)<np(P)<up(P)RR(P)

1/2
)
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5.4. Proof of Theorem 2 - Backward error: Linear equation (@) 1.

1,(Q) =mine: (F + AF)Q =-D - AD,

IAF|lp<eg, [AD|p <es)
The constraint can be written as
AFQ+AD=-R, whereR=FQ+D
Hence

IRIF=|AFQ+AD| ;< IAF Iz Q|7+ 1ADIF < (¢]|Q ] + ) nq. (@)

So the relative residual RRQI(Q) = IRlF _ jshounded by the backward error

Q5+
RRQ, (@) =1q,(@
¢~ vec(AF) 2 402 2 N2 a1 3 :
Define z = then |1zl5 = 1, (@) and lzll5 < 2ng, (@) so 7 lzllz = ng,(@) =< llzllz using the
6 1vec(AD)

Kronecker / vectorized representation

[0/ ©1,, 6I,,.n,| 2= vecR)

=r
=H

where H has dimensions nyn, x 2nyn, and H -z = r is an underdetermined system in z with the minimum

2-norm solution
z=H"r

So llzllz = |H* |, and ng,@) < |H* -7y < |[H* ||y IRIF
as [X* |y = 0min(X) ™! and 0min(X)? = Apin(XX*)
V15" = 0min (H)? = Ain HH") = Apin (2@ @) @ T, +6%T,,.0, )
= Amin (¢2(QA+5) ® Ine + 621ny-ne)
> $%0 min(Q) + 67

So

RRo,(Q)=1q,(@) < ug,(QRRq,(Q)

1Q1+o

h =
where {g, ((ngz. (Q)+52)U2
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5.5. Proof of Theorem 3 - Backward error: Linear equation (@) 2.

N, (P, Q) = min{e :((A+AA)P +B+AB)Q =-D - AD,

IAAllF <ea, |ABlr<eB, |ADI|f< 55}
The constraint can be written as

AAPQ+ABQ+AD =-R, where R=APQ+BQ+D

A

Q

< (a|PQ + B[l F+5)nq,P.@)

IRIF = |AAPQ +ABQ +AD | < [|AAlF

PQ|y+1ABIF

#+IADIg

So the relative residual RRQ2(p, Q)= W is bounded below by the backward error
F F

RRQZ(p,Q)SnQZ(Q)

alvec(AA)
Define z = | f~lvec(AB) | and as [|z[12 = ng,(P,Q)? and |z12 < 3nq,(P,Q)?, Jig Izll2 <1g,(P,Q) < lIzllg using
6 1vec(AD)

the Kronecker / vectorized representation

a(ﬁQ)’@Iny ﬁQ’@Iny 61, n, | 2= _vec(R)

=r

=H
where H has dimensions nyn, x 3nyn, and H -z =r is an underdetermined system in z with the minimum
2-norm solution

z=H*r

So llzllz = | H* -7, and 1g,(P,@) < |[H* -r[ly < |[H* |- IRIF
as [X* |y = 0min(X) ! and 0nin(X)? = Apin(XX*)
|H* (% = 0minHD? = Apin HH*) = Ain (a*(BQY (BQ) & I, + f*Q'Q & I, +8%I 0 n, )
> a%0%, (PQ)+ o>, (Q)+5>

So

RRq,(P,Q)<1nq,(P,Q) < ug,(P,Q)RRq,(P,Q)

a|PR|p+B]@ 5 +0 :
(0202, BQ+p202,, @+57)

min

where pg,(P,Q) =
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5.6. Proof of Theorem 4 - Joint backward error joint of P and Q. For approximate solutions to P

and @
npe(P,Q) =minfe:(A+AMP [P Q|+B+AB)(P §|+[c+ac D+aD|=0,

IAAllp <ea, [ABlp<ef, IACIF<ey, [AD|F = 65}

MP[p @ +aB[p Q|+[ac aD|=-[r: Ry

Ri=AP?2+BP+C Ry=APQ+BQ+D
|[x ||, =0xiziviz)™, itixiesteand 1Xip=me:  |[x v]| =@+m*"%

ll7r - Rell,=10a1r [ [ a]],+1am1r |2 @]|,+[[ac an]],
<(efp[p @l +olle @ll, 0% +0n™)nrer @
~(a|2[z @l +sllz @l +llr o]l )rrerr.@

as|[Re Rol|, = (1Re1Z+|Rql)

Rite=(|[re Ro[ 1R <[[r1 &]], i@

wae=(elele all,+olle all,+llr oll,Joct-@ric.0

Ao 2 ~ A9\ 1/2 ) ~ 12172
a(|P207 + 1PQIF)  +B(IPIF+1QlF)  +0r%+6212

~ ~ nPQ(p,Q)
a|P2|p+B|P|g+y

RRPQ(p) <

as (a2 + b2)Y2 < 2max{a, b}

A A 12 R A 12
a(1P2]5+1PQI7) " +B(I121F+1Q1F)  +0?+8H"

< V2(amax{|P?|p, [PQ| 5} + pmax{|P| . |Q |5} +maxiy,o})

RRPQ(p) = \/§T7PQ(15,QA)

RRp(Q) = V2npe(P,Q)

a lvec(AA)
plvecAB) | o . .
Define z = ) which has dimensions 3n 2 + nyn. x 1 using the Kronecker / vectorized repre-
Y~ vec(AC)
5 1vec(AD)
sentation
p2) [ I 0 vec(Rp)
a (M), oI, pB|_ |el. 7y " ®I, & |y ®Iny 2 =— P
(PQ) Q' nedn, I, vec(Rq)
[ —

=r
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where each of the 4 blocks of H has dimensions (ny,n.)n, x N2, T has dimensions ny2+nynex landH-z=r

is an underdetermined system in z with the minimum 2-norm solution
z=H"r

S0 lzll = |H* 7|l and npa(P, @ < |H* -rlly < [H' |- Irta = [H7 |, | [Re Ro)|,

JE (37 = 0%, (B) = Amin HH") = Ani (a*(P¥ P 0 1, + 02 (PQY(PQ)) 8 1,

+AE'P)el, + 2 (QQ) o1,

I,
2 y
+]/ 0 [Iny ny9n3:| ®Iny
Nexny |
9 0
nyXne
+0 ; [negny Ine] ®Iny)
Ne

>a2(02, (P)+0%, (PQ)+p2 (0%, (B)+02, (@) +y2+52
> max{a®0?,, (P + fo%,,(P)+7,

o202, (PQ)+ fro%,, (@) +06%}
> min{a202 B%+ %02 . (P)+7,

min min

a®a? . (PQ)+ f2o? (Q)+52}

min min

llze o,
1221+ 18Q1)+A(1P T+ 1@l) (7 +6%) ™

Defining RRpg(P,Q) =
a

RRpq(P,Q)<npgP,Q) < upq(P,Q)RRpe(P,Q)

allP 1+ 14+l Il (07400
(a2[agnin(p2)+agnin(ﬁé)]+ﬁ2[0'2 . (P)+o? (Q)]+Y2+52)

min min
W2 L g =(2-b2) 2 <o a2 = 02— b2 < (2

where pr(P,Q) =

using ¢ = (@ + b2

IRpllF < H [RP RQ]"FS (@[22 g+ BIP] g +7)nre®,Q)

So RRpq(P) <npg(P,Q)

IRelF = “ [RP RQ]"FS (@[PQly+ B8R +6)npeP,Q)

So RRpq(@) <1pq(P,Q)
neeP.Q < [H" |, |[Re Rql|,
< |H* |, V2max{IRpIr, |Rq|s}
<|H* |, V2min{a|P?|z+ B[Pz +v.a
. max{IRplr, |Rq s}
min{a |P2|z+ B ||z +v,a | PR s+ BlQr +5}
<|H* |, V2min{a||P?| +B|P| 5 +v.a |PQ| s +B]Q+5}

PR +B(QIF+0}
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' max {RRpq(P),RRpq(Q)}

min{a |P?|p+B|Plp+7.a PR+ bR » +6}
P2|p+B|Plp+7.a|PQ|p+ AR5 +0}
max{(a202,, (P2)+ 207, (P)+72)"* (o202, (BQ)+ 202, (@) +62) "}

min

~

min{a

V2

‘max{RRpq(P),RRp(@)}

< V2max{up(P)RRp(P), g, (P,@)RRq,(@)}

5.7. Proof of Theorem 5 - Condition number: Matrix Quadratic. Consider the perturbed equation

where AP2+BP +C =0
(A+AA)P +AP)2 +(B+AB)(P+AP)+C+AC=0

measuring perturbations normwise as
{ IAAllz IABIlF IIACHF}
By

can be written to first order as

€p = max

APAP + AAPP + AAP? + BAP + ABP + AC +G(e?) =0

(AP +B)AP + AAPP = —AAP? — ABP — AC + O(¢®)

a generalized Sylvester equation in AP. Using the Kronecker / vectorized notation

a~lvec(AA)
(Iny@(AP+B)+P’®A)vec(AP)=—[a(zﬂ)’@]ny BP'®I,, ¥I,,||B lvec(AB)| +0O()
v y~vec(AC)
a~lvec(AA)
IAPlF |, -1 o/ , 1 2
T [a(PY oL, pP'oL,, yI.,||p " vecdB)|| /IPIF+0(E)
y~Lvec(AC)

< V3¥(P)e < V3D(P)e < V3O(P)e
— -1 2\/
W)= [V a(P?) o1, PPl yIa,|| /1PIF
5.8. Proof of Corollary 2 - Condition number bound P.

YP)= [V a(P?) oL, pP'el,, I,

|, /1Pl
=WV [« o1., pPaL., v]| /1PIE
From Weyl-Courant-Fischer Theorem
l[x ¥] ”Z = Amax (XX*+YY*) = Ay (XX*) + Apax (YY)
= XI5+ 1Y 15
And from the triangle inequality | [x Y| H2 < Xlls+ 1Y ll3 s0

a|[P2] +BIPIF+y
IPllF

Y(P) < ||V_1 ||2 =d(P) cite Highan+Kim Davis
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Note that this is equivaalent to Higham and Kim (2001) and Davis (1981) up to the norm inequality:
Xl < 1XlF.

5.9. Proof of Theorem 6 - Condition number: Linear equation 1. Consider the perturbed equation

where FQ +D =0.
F+AF)Q+AQ)+D+AD =0

measuring perturbations normwise as

{ IAF|F IIADI|g }
€ =max ,
o) 1)

can be written to first order as

FAQ +AFQ = —-AG +0(c?)

FAQ = -AFQ - AG +0(c%)

=-[aF ac] o
AQ=-F![AL G| PR o)

1AQIF <||F‘1||F¢”QHF+6\/§€+@(€2)

Rlr 1QIF
as |FlpllQlz = IDllg
IAQIF 1 ( ’ S 2
<|\|F F . .
ele =Wl IFlr  1FI7 Q7 V2e+0(e)

- ¢ 0
<[|F | IFIF ( T ||D||F) Ve

. o
Q)= [F 7|z IFIF ( ||ﬁ?||p " ||D||p) Ve

Using the Kronecker / vectorized notation

¢~ vec(AF) )
(In, 9F) vecA@) =~ [¢Q' @ I,,, 81n,n,] +0(e?)
5 lvec(AD)
“Llyvec(AF)
vec(AQ)=—[¢>Q’®F‘1 6Ine®F‘1] ¢ vee +0(?)
6 1vec(AD)
! -1 -1
1AQI 5 ”[4’@ ®F~" 0l oF ]Hz )
< 2+ 0
Iy Qi Vae+o(eh
“(Ine®F)_l [¢Q/®Iny 6I”eny] 2
v =
@ 1QIz
|n 8 F 2, |[0Q @1, 05|,
<
= 1QIz

2 [F 7, H [¢Q'®Iny 51neny]
1QllF

(12

2
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5.10. Proof of Corollary 3 - Condition number bound Linear equation 1.

|t 0P 0@ 01, 61,
@)= 1Qly

110, e F Y, ||0Q @1, 610,
1@l

2 [F 75 H [¢Q/ ®I,, 51neny]

IQIz
-1y @IQUE+S _
=1#7 1Qlx =@

5.11. Proof of Theorem 7 - Condition number: Linear equation 2. Consider the perturbed equation

where (AP +B)Q +D =0

2

=

I 2

[(A+AA)(P+AP)+B+AB](@ +AQ)+D+AD =0
Side calculations:

IAP +Bllp |QlF = IDlr
IAlF IPQIF +IBRQIF = IDlp
APQ+BQ+D =0
IAP+Blr <Al IPlF +1Blr

measuring the perturbations normwise as

e:max{”AP“F IAAll IIABlF IAD|F }
é— b a b ﬁ b 6 b

can be written to first order as
(AP +B)AQ = —~AAPQ —AAPQ — ABQ — AD +G(c?)
AQ = —(AP +B) 1 (AAPQ + AAPQ + ABQ + AD) + O(c%)
1AQIF < |(AP +B)_1||F ("A”F 1QUIF IAPIF +IPQIF IAAlF
+1QIr IABIF + llADHF) +0(%)

< (AP +B) Y| (€14l 1Qlp + alPQIs+ BIQIp +8) Ve + O(?)

IAQIF
QI

S||(AP+B)_1||F||AP+B”F(£||A”F+ﬁ+ a"PQ”F + 0 )\/Z€+@’(€2)

IAP+Blr |QIrIAP+Bllr IDlr

CIAlNF+alPllg + B 6 ) 2
+ Ve + G (€?)
AP +B| g Dz

<|(AP+B)!|zIAP + Bl

This is wrong! From ||[AP + Bl g < |Allg IPllg + | BllF it follows

IBllF = IAP + Bl g

AP +Blg
IPll7
AP +Blp
IAlF

IAlF =

IPlF =
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IAQIF -1 ( ¢ a B ) 2

———— < |[(AP +B) |AP + B + + + -2-€+0(e”)

1QllF ” ”F F IPlr IAlr 1BlF IDIlF

using the Kronecker / vectorized notation

& lyec(AP)
a~tvec(AA) 9

(I,,®(AP+B))vec(AQ)=—[éQ'® A aPQ)e®I,, pR'®I,, O6ly,y, +G(e”)
B~ 1vec(AB)
5 1vec(AD)

vec(AQ)=[£Q’®(AP+B)‘1A a(PQ) ®(AP+B)! pQ'®(AP+B)1 61, ®AP+B)™!

& lvec(AP)

. a lvec(AA) +@(€2)
B~ 1vec(AB)
6 lvec(AD)

% < VAY(Q)e < VAD(Q)e < VAO(Q)e
F
|(n. 4P +B) [cQ' €A aPQYel., PRI, Ol
(@) = £

QI

5.12. Proof of Corollary 4 - Condition number bound Linear equation 2.

(|(1ne®(AP+B))’1[5Q’®A a(PQ) oI, pQ' eI, 51neny]

1QIF
SIQIFIAlF +allPQIF+BIQIF +6
1QIF

5.13. Proof of Theorem 8 - Condition number: Linear equation 3. Consider the perturbed equation

where (AP +B)Q +D =0

2

Y@ =

<| (@, ocap +B))‘1H2 = Q)

[(A+AA)(P+AP)+B+AB]J(@ +AQ)+D+AD =0
and where AP2 + BP + C =0 and AP satisfies
(A+AA)P +AP)2 +(B+AB)(P+AP)+C+AC =0

measuring perturbations normwise as

{”AA”F IABlz IIACIF ||AD||F}
€ = max ) )
i Y 6

can be written to first order as

(AP +B)AQ = —~AAPQ - AAPQ — ABQ — AD +G(c?)
and

(AP +B)AP + AAPP = ~AAP? - ABP - AC +G(?)
using the Kronecker / vectorized notation

(In, ® (AP +B))vec(AQ) = — (@' ® A) vec(AP)
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- “(PQ),®Iny ﬁQ,@’Iny Onyz 6Ineny
a~lvec(AA)
B~ 1vec(AB)
vy~ lvec(AC)
6 tvec(AD)
+0(c?)

(In, ®(AP+B)+P'®A)vec(AP) =~ |a(P?) & I,, PP'®I,, Yo, Onen,
v

a lvec(AA)
B~ 1vec(AB)
. y~vec(AC)
5~ 1vec(AD)

+0(e)

(In, (AP + B))vec(AQ) = ~ | ((PQY © 1, - ('8 A) V™ (P?) o1, |

BQel, -(QeA)V'PeI,)

-y(@eA)V!
a lvec(AA)
~lvec(AB

6Ineny] B~ 1vec(AB) L0
vy~ Lvec(AC)
6 1vec(AD)

Define T'=1, , (I, ® A) V™! (P'® 1)

note (I,,® A-(AP+B) ')V =1, e A+P'® A(AP+B) 'A=V (I,,8(AP+B) ' A)
sol, ® AP+B)'A=V71(I, ®A-(AP+B)")V

and V = (I, , + P'® [A(AP + B)™]) (I, ® (AP +B))

sol, ® AP+B) 1=V 1+V!(P'e[AAP+B) )

Hence

(In,®AP+B) )T =1, &(AP+B) ' (I,,®(AP+B) 'A)V ! (P'eI, )
=I,,®AP+B) ' -V (I, s A(LAP+B) " )VV ! (P'el,,)
=V 1+Vv1(P'eA(AP+B) )~V (P'® A(AP+B) })=V"!

vee(AQ) = ~[a(Q'®1,,) V! (P’ 1,,)
@ eI, )V
-y(Q ®AP+B)1A) V!
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alvec(AA)
B~ 1vec(AB)
y~Lvec(AC)
6~1vec(AD)

61, ®(AP +B)™} +0(?)

I ”AQQHIIF < VAY(Q)e < VAD@Q)e < (4)O(Q)e
F

Y@ =|[e(@el,)V (P oL,,)
@ eI, )V!
~y(Q ®AP+B)1A) V!

61, ®(AP +B)"' || /1QI
5.14. Proof of Corollary 5 - Condition number bound Linear equation 3.

Y@= ” [a(Q'®Iny)V_1 (P'®l,,)
@ eI, )V!
~y(Q ®AP+B)1A) V!

01, AP +B)|| /1QI

alQIr IPIF+BIQlIr +YIQIr (AP +B) A, +5| (AP +B) V|,

< -1
=1Vl QI
Q7 Q7

_ 5
+|AP+B) 1||2_||Q”F

=d(@)
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5.15. Proof of Theorem 9 - Condition number: Joint P and . Consider the perturbed equation

(A+AA)P+AP)[P+AP Q+AQ)
+(B+AB)[P+AP Q+1Q|

+[c+ac D+aD|=[o o

arlp q|+lp q|+[c p|=|o o

measuring perturbations normwise as

{”AA”F IABlF IIACIF ||AD||F}
a b ﬁ b ’}/ b 6
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can be written to first order as

p Q
(AP+B)[AP AQ]+A[AP AQ] . . +(AAP+AB)[P Q]+[AC AD]=[0 0]

NeXNy NeXNe

P Q
0 0

MeXNy NeXNe

(AP +B) [AP AQ

Ln,in, +A[AP 2Q)]

+I,, AA [p2 PQ] +I1,,AB [p Q]

+InyAC Iny ny(x)ne +InyAD [negny Ine = [0 0]
a generalized Sylvester equation in [AP AQ].
Using the Kronecker / vectorized notation
P’ 0 AP
In,in, ®(AP+B)+ e vedar)
Q' 0 vec(AQ)
NeXNe
W
vec(AA)
p2 P’ In, 0 vec(AB)
=— ®l,, ®ly,, ®I,, || &Iy,
Q'P’ Q' negny I, vec(AC)
vec(AD)
a tvec(AA)
p2/ P’ In, 9 B~ 1vec(AB)
=la ®l,, ®l,, vy ®l,, 6™ |el,,
Q/P/ Q/ ne(x)ny Ine y‘lvec(AC)
e 6 1vec(AD)
[[a7 ae]],
— —F - VaY(P,Q)c < VAD(P,Q)ec < V4O(P,Q)e
Iz <]l
w-ix
R L i
Il>ell,
5.16. Proof of Corollary 7 - Condition number bound joint.
w-ix
Y(P,Q)= w
Il>ell,
a(||P?||, +1QPI2) + B (| P2, + 1Ql2) +y+6
< HW71||2 (“ ”2 Q 2) ﬁ(” ”2 Q 2) Y - O(P,Q)

I

> ]
5.17. Proof of Corollary 12 - A posterior forward error bound linear equation 3. Set AA =AB =0,
AC=Rp=AP?+BP+C,AD=Rg=(AP+B)Q+D

Vvec(AP) = —vec(Rp)

I, ® (AP +B))vec(AQ) = (@' ® A)V lvec(Rp) - vec(Rg)
e Q
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Al 5) -1 -1
vec(AQ) = (Q'® [ (4P +B) " A| |V vec(Rp)

~(In. ® (AP +B) ) vec(Re)

1AQIF
lQl» <|@

[ (AP+B)” A])V vec(Rp)

- (Ine ® (AP +B)” )VeC(RQ)”2/ |l

(apsp)-t| 1Q AV vee®R), + |l
<lueem], TP
- IR #
<|ar-57, Il
(Q’®A)V vec(Rp)||y R .
U oA seslbl | pay),
IRalz
” ” Il
+H(AP+B IVl 140s 1R g

< 5 -1 “ Q”F 1
<|@p+B)7|, (IIQH +|v- ||2||A||2IIRPIIF)
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